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P R E F A C E 
The theory of fractional calculus is concerned with 
n th derivative and n-fold integrals when n becomes an 
arbitrary parameter. One versed in the calculus finds that 
d /dx is nothing but an indefinite integral in 
disguise. But fractional orders of differentiation are more 
mysterious because they have no obvious geometric 
interpretation along the lines of the customary 
introduction to derivatives and integrals as slopes and 
areas. If one is prepared to dispense with a pictorial 
representation, however, will soon find that fractional 
order derivatives and integrals are just as tangible as 
those of integer order and that a new dimension in 
mathematics opens to him when the order q of the operator 
dvdx" becomes an arbitrary parameter. It is not a sterile 
exercise in pure mathematics - many problems in physical 
sciences can be expressed and solved succinctly by 
recourse to the fractional calculus. 
A mathematician Jerome Spanier and a chemist Keith 
B. Oldham started taking interest in the subject since 
1968 when they realized that the use of half-order 
derivatives and integrals leads to a formulation of 
certain electrochemical problem which is more economical 
and useful than the classical approach in terms of Fick's 
IV 
laws of diffusion. Their collaborative effort exposed the 
wide variety of fields to which these ideas may be 
applied with profit. 
Thus Fractional calculus can be categorized as 
applicable mathematics. The properties and theory of these 
fractional operators are proper objects of study in their 
own right. Scientists and applied mathematicians, in the 
last few decades, found the fractional calculus useful in 
various fields: rheology quantitative biology, 
electrochemistry, scattering theory, diffusion, transport 
theory, probability, potential theory and elasticity. 
Since 196 6 started the era of study of q-analogue 
of fractional calculus introduced by W.A. al-Salam and 
followed by many other mathematicians namely R.P. Agarwal, 
Manjary Upadhyay, Arun Verma, M.A. Khan, A.H. Khan, M.A. 
Pathan, R.Y. Denis & H.S. Shukla. Scattered results on the 
theory and applications of q-fractional calculus 
necessitate its unified study. With this in view the 
present dissertation embodies the results given from time 
to time by various authors. Attempt has been made to 
arrange and present the said work in a systematic form so 
that it may form a basis for further research in this 
direction. 
The dissertation contains five chapters. The I 
chapter covers a comprehensive account of the historical 
origin of the theory and applications of fractional 
calculus and its q-analogue. This account of the 
development of the subject has been given with a view to 
provide a base for further development of the subject. 
This chapter also contains various notations, definitions 
and results used in the present dissertation. Besides the 
chapter also contains brief resume of the contents of 
subsequent chapters that follow it. 
II chapter contains q-analogues of Cauchy's 
multiple integral formulae, q-analogues of Weyl fractional 
integral and the Erdelyi and Sneddon's fractional 
operator, their properties and a short table of transform 
pairs. The chapter also contains q-analogues of kober's 
operators and as a special case q-analogue of fractional 
derivative, their properties, certain theorems, a formula 
called fractional integration by parts and two functional 
transformations involving Agarwal*s q-analogue of 
fractional integral operator and q-Laplace transform due 
to W. Hahn. 
III chapter gives a discrete analogue, the so 
called q-analogue of the well known fractional version of 
Leibnitz formula i.e., the formula which expresses the 
fractional integral of the product of two functions in 
vi 
terms of the derivatives and fractional integrals of each 
and certain applications of this formula established by 
W.A. Al-Salam and A. Verma. The chapter also contains 
another fractional q-derivative formula of product of two 
functions derived by R.P. Agarwal and its applications 
given by Agarwal himself and later increased by H.S. 
Shukla. The chapter is concluded by giving q-hypergeo-
metric transformations obtained by M. Upadhyay. 
In IV chapter, two generalized fractional 
q-integrals defined by M.A. Khan have been give. These 
operators unify all the previously known fractional 
q-integral operators due to VJ.A. al-Salam, R.P. Agarwal, 
M. Upadhyay, W.A. Al-Salam & A. Verma and also due M.A. 
Khan himself in his earlier paper. Besides some elementary 
properties of these two generalized operators the chapter 
contains two theorems concerning these operators and 
q-Mellin transform, a theorem on fractional integration by 
parts, two theorems concerning functional transformations 
involving q-Laplace transorms and these operators besides 
certain other transformations of muscellaneous nature in 
the form of certain theorems. 
V Chapter contains some of the original research 
work done connecting fractional derivative operator and 
the hypergeometric functions of the type of orthogonal 
vii 
polymonials. The results obtained may be treated as a 
generalization of Rodrignes formulae for Legendre Gegenbauer, 
Ultraspherical, Jacobi and Laguerre polynomials. 
In the end an exhaustive and uptodate list of 
writings and original papers on the subject matter of this 
dissertation have been provided in the form of a 
bibliography. 
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CHAPTER-I 
INTRODUCTION 
§1. HISTORICAL DEVELOPMENTS- The theory of fractional calculus 
is concerned with nth derivative and n-fold integrals when n 
becomes an arbitrary parameter. In 1819 the first mention of a 
derivative of arbitrary order appears in a text. The French 
mathematician, S.F. Lacroix [84], published a 700 page text on 
differential and integral calculus in which he devoted less 
n 
than two pages to this topic. Starting with y = x , n a 
positive integer, he found the mth derivative to be 
m 
d y nl n-m 
dxm (n-m)l 
Using Legendre's symbol J-7 which denotes the generalized 
factorial and by replacing m by ^ and n by any positive 
real number a, in the manner typical of the classical forma-
lists of this period, Lacroix obtained the formula 
: 2 : 
d2 y "T(a+1) a"2 
dx f2 T(a+ k) 
x 
which expresses the derivative of arbitrary order •* of the 
a 
function x . He gave the example for y = x and derived 
1 
1 
d 2fx 
— r (x) 
dx2" J* 
because "H§) = £ F(§) = § YT" and T(2) = 1. 
This result is the same yielded by the present day Riemann-
Liouville definition of a fractional derivative. 
However, the origin of fractional calculus dates back 
to 1695. It was L' Hospital who asked Leibnitz about the 
n 
possibility that n be a fraction in Y. 'What if n be 
dxn 
| ?\ asked L' Hospital. Leibnitz [90] in 1695 replied, 'It 
will lead to a paradox'. But he added prohetically, 'From 
this apparent paradox, one day useful consequences will be 
drawn'. It took 279 years since L* Hospital first raised the 
• 3 • 
question for a text to appear solely devoted to this topic by 
Oldham and Sapnier [146]. 
Euler and Fourier made mention of derivatives of arbit-
rary order but they gave no application or examples. So the 
honour of making the first application belongs to N.H. Abel [4] 
in 1823. Abel applied the fractional calculus in the solution 
of an integral equation which arises in the formulation of the 
tautochrone problem. This problem, sometimes called the iso-
chrone problem, is that of finding the shape of frictionless 
wire lying in a vertical plane such that the time of slide of 
a bead placed on the wire slides to the lowest point of the 
wire in the same time regardless of where the bead is placed. 
The brachistochrone problem deals with the shortest time of 
slide. 
Abel's solution was so elegant that it probably attrac-
ted the attention of Liouville [91] who made the first major 
attempt to give a logical definition of a fractional deriva-
tive. He published three long memoirs in 1832 and several 
more through 1855. 
• 4 • 
Liouville's starting point is the known result for 
derivatives of integral order 
m ax m ax 
D e = a e 
which he extended in a natural way to derivatives of arbitrary 
order 
v ax v ax 
D e = a e 
He expanded the function f(x) in the s e r i e s 
00
 n 
f(x) = Z c e (1.1) 
n=o 
and assumed the der iva t ive of a r b i t r a r y order f(x) to be 
a x 
v » v n 
D f(x) = Z c n a n e (1.2) 
n=o 
This formula is known as Liouville's [91] first definition 
and has the obvious disadvantage that v must be restricted to 
values such that the series converges. 
: 5 : 
Liouv i l l e ' s second method was applied to exp l i c i t 
-a 
functions of the form x , a > 0. He considered the 
in t eg ra l 
oo a-1 -xu 
I = f u e du (1.3) 
o 
The transformation xu = t gives the r e s u l t 
-a 1 
X = — I (1*4) 
Then with the use of (1.1) he obtained after operating 
v 
on both sides of (1.4) with D , the result [31] 
v -a (-1) F(a+v) -a-v 
D x = — x (1.5) 
ru) 
Liouvi l le was successful in applying these def ini t ions 
to problems in p o t e n t i a l theory . 'These concepts were too 
narrow to l a s t ' , said Emil Post [163] , The f i r s t def in i t ion 
i s r e s t r i c t e d to c e r t a i n values of v and the second method 
i s not su i t ab le to a wide c l a s s of funct ions . 
: 6 : 
Between 1835 and 1850 there was a controversy which 
centred on two definitions of a fractional derivative. 
G. Peacock [159] favoured Lacroix's generalization of a case 
of integral order. Other mathematicians favoured Liouville's 
definition. Augustus De Morgan's [32] judgement proved to be 
accurate when he stated that the two versions may very possibly 
be parts of a more general system. In 1850 William Centre [26] 
observed that the discrepancy between the two versions of a 
fractional derivative focussed on the fractional derivative 
of a constant. According to Peacock-Lacroix version the 
fractional derivative of a constant yields a result other 
than zero while according to Liouville's formula (1.5) the 
fractional derivative of a constant equals zero because 
F(o) = -. 
Fractional integration is an immediate generalization 
of repeated integration. If the function f(x) is integrable 
in any interval (0,a) where a > 0 we define the first 
integral F,(x) of f(x) by the formula 
Fx(x) - / f(t)dt 
o 
• 7 • 
and the subsequent integrals by the recursion formula 
x 
* 
o 
Fr+l ( x ) " -/" Fr(t)dt' r " X'2'3' 
It is easily proved by induction that for any positive 
integer n 
Fn+l ( x ) = / ^ ^ ^ f(t)dt (1'6) 
n 1 o 
Similarly we could define an indefinite integral F (x) 
by the formulae 
* °° * oo 
F,(x) = - J f(t)dt, F , =» - / F (t)dt, r = 1,2 
X X X 
and show (again by induction) that for any positive integer n 
* 1 - n 
*Wx) =— / (*-*) f<*)d t (1*7^ 
n 1
 x 
provided that f(x) is of such a nature that the integral 
exists. 
: 8 : 
The Riemann-Liouville fractional integral is a genera-
lization of the integral on the right hand side of equation 
(1.6). The integral 
- 1 x a-1 
Rff$f(t);xU — - / (x-t) f(t)dt (1.8) 
a L
 * |H a) o 
is convergent for a wide class of functions f(t) if R£ a > 0. 
The upper limit of integration x may be real or complex; in 
the latter case the path of integration is the straight segment 
t = xs, 0 ,< s <_ 1. The integral reduces to the integral (1.6) 
in the case when a = n+1, a positive integer, so that when 
a is a positive integer, the integral (1.8) is a repeated 
integral. It is called the Riemann-Liouville fractional 
integral of order a. Integrals of this kind occur in the 
solution of ordinary differential equations and are called 
Euler's transforms of the first kind. 
The Weyl fractional integral is a generalization of the 
integral on the right hand side of equation (1.7); it is 
defined by the equation (Weyl, 1917), 
: 9 : 
Waf f(t);x} = - — - / (t-x) " f(t)dt, R (a) > 0 L
 P(a) x 
(1.9) 
In general x and a are complex, the path of integra-
tion being one of the rays t = xs (s > 0) or t = x+s (s > 0). 
When they occur in the theory of linear ordinary differential 
equations, fractional integrals of this kind are called Euler 
transform of the second kind. 
A pair of operators of fractional integration of a 
general kind have been introduced by Erdelyi and Kober [see 
Kober [81], Erdelyi and Kober [46], Erdelyi [39], Kober [82,83]] 
and the operators I„ _ and K, _ defined below which are 
simple modifications of the above mentioned operators were 
termed as Erdelyi-Kober operators by Sneddon [183]. 
The operators I „ and K „ are defined by the 
r\,a r\fa 
formulae 
-2a-2n
 r r] i 2 
-2a-2T) . 
2x x 2 2 x 2t)+l 
•__.,•/ (x -u ) u f(u)du (1.10) 
r(«) o 
: 10 : 
2n <• -a-tl k 2 
S,a f<x> = X » « [ * f<*2>* * ] 
2il 
2x « 2 2 a _ 1 -2a-2n+l 
/ (u -x ) u f(u)du 
r(«) * 
(1.11) 
where Rg(a) > 0 and R£(T]) > - i. Also, we adopt the 
convention 
^ . O - 1 ' K n / 0 = z» d - " ) 
where I denotes the identity operator. 
A mathematician Jerome Spanier and a Chelist Keith B. 
Oldham started taking interest in the subject since 1968 when 
they realized that the use of half-order derivatives and 
integrals leads to a formulation of certain electrochemical 
problem which is more economical and useful than the classical 
approach in terms of Fick's laws of diffusion. Their collabo-
rative effort exposed the wide variety of fields to which these 
ideas may be applied with profit. 
The study of q-analogues of fractional differentiation 
and fractional integration has its beginning through two 
: 11 
remarkable papers by W.A. Al-Salam [16-17]. 
In 1966, W.A. Al-Salam [16] established q-analogues of 
Cauchy's formulas for multiple integrals 
x xn-l xl 
/ / / f(t)dtdx, dx , 
a a a 
1 x n-1 
/ (x-t) f(t)dt (1*13) 
(n-l)J a 
and 
oo OO oo 
/ / S f(t)dtdx. dxn . 
x .. l n-l X xn-l xl
1 o» n-l 
/ (t-x) f(t)dt. (1.14) 
(n-l)i x 
The same year, W.A. Al-Salam [17] obtained q-analogues 
of the Weyl fractional integral operator (1.9) and Erdelyi and 
Sneddon fractional operator [50] 
T),a x °° a-1 -a-T) 
K f(x) - — / (y-x) y f(y)dy (1.15) 
r(«) x 
: 12 : 
by means of the following respec t ive r e l a t i o n s : 
- V ( v L i ) / 2 
- 1 / q ~ 1-y 
KQ f(x) - — / ( t - x ) f ( tq )d ( t ;q ) 
Tq(v) x V ~l 
Kq f (x) * f(x) 
(1.16) 
and 
- T ) Tl 
TJ a q x » -T)-a 1-a 
Kq f(x) = — — / (y-x) y f(yq )d(y;q) 
M
 Tq(a) x a-1 
(1.17) 
where a £ 0 , - 1 , - 2 , 
Later , in 1969, R.P. Agarwal [5] defined q-analogue of 
Kober 's operator [81J 
X-
T1
"
a
 x a-1 
I n a *(*) - — / ( x - t ) t n f ( t ) d t (1.18) 
n
* TV) o 
by means of the following r e l a t i o n : 
-n-a 
V f(x) - = 7 — / (x- tq) t r i f ( t ) d ( t ; q ) (1.19) 
a ± 0,-1,-2 
: 13 % 
A special case of (1.18) is the operator 
i" f(x) - -= / (x-tq) f(t)d(t;q) 
<* JJ(a) o o-l 
(1.20) 
1° f(x) = f(x) 
He used (1.19) to define the operat ion of f rac t iona l 
q -d i f f e r en t i a t i on by means of the correspondence 
a 1
 x 
q ~ ^ 
Da f (x) = — — / (x-tq) f ( t ) d ( t ; q ) (1.21) 
q
 TT(- a) O - a - 1 
In 1973, M.A. Khan [66] defined q-analogues of all the 
four operators of Kober [147] while in 1974 he defined q-analogues 
of Erdelyi's operators [41] in the following form: 
- iy-ma+m-1 
T),a mx x m m m r\ 
l
m a f ( x ) = ^7~\ / ( x - t q ) t f ( t ) d ( t ; q ) 
m,q
 TZ(a) o a-1 
(1.22) 
rj,a m q x o o m m -n-ma+m-1 1-a 
Km a f ( x ) " T - 7 / ^ / ( t "X ) * f ( t c * ) d ( t ; q ) 
T^ (*) x a - i 
(1.23) 
: 14 • 
For m a 1, (1.22) reduces to (1.19) and (1.23) 
reduces to (1.17). 
In 1975, W.A. Al-Salam and A. Verma [18] studied the 
following operators: 
flU f(t) I — / [x*- q V ] t f(t)d(tjq) 
q x l J
 Gh(a) o a-l,h 
(1.24) 
and 
-(ri+a)A 
r\,a <• , (l-h)x x
 x . TI^+^-1 
I* (f(t)} = - r-TT— /C^-^t] * 
q x ( J
 (l-q)Gh(a) o a-l,h 
• f(t)d(t;q) (1.25) 
where h * q^ and G (a) = U U ) . 
In 1976, M. Upadhyay [197] studied the following 
fractional q-integral operators: 
Iq [(a);(b);ztt»:f(x)] 
-n-i 
x x Ti (q) 
T — T / * A^B [(a);(b);zt/x]f(t)d(t;q) (1.26) 
(1-q) o A ti 
: 15 : 
and 
K q [ ( a ) ; ( b ) ; z , T | : f ( x ) ] 
n - t | 
x q «» - 1 - n (q) 
— 7 / * A^B C ( a ) ; ( b ) ; z x / t ] f ( t ) d ( t ; q ) (1 .27) 
( l - q ) x 
R e c e n t l y , in 1992, M.A. Khan [ 6 8 , 6 9 ] def ined and s tud ied 
two g e n e r a l i z e d f r a c t i o n a l q - i n t e g r a l o p e r a t o r s which unify a l l 
the p r e v i o u s l y known f r a c t i o n a l q - i n t e g r a l o p e r a t o r s . His 
o p e r a t o r s a r e as f o l l o w s : 
I [ ( a ) ; ( b ) ; u > , a ; z , u ; t i : f ( x ) ] 
x x t i a + a - 1 (q* ) 
— — - / t .•, 
( l - q ) o 
AYB 
(a) ;u) z t / x 
( b ) ; 
f ( t ) d ( t ; q ) 
(1 .28) 
and 
K q [ ( a ) ; ( b ) ; w , 7 i ; z , u n : f ( x ) ] 
TlTi + A - l - " * - * + 1
 x 
x
 q - --n^-A (q ) 
(l-q) x A*B 
( a ) ;w z x / t 
( b ) ; 
f ( t ) d ( t ; q 
(1 .29) 
: 16 : 
ForA= H = w = 1, (1.28-29) reduce to (1.26-27). For 
a-1 
)i= 1, n = m, a) = q , B = 0, A = 1, a^ =-a+l and z = q, 
(1.28) reduces to (1.22). For } , = n, w = 1, B = 0, A = 1, 
a , 
a. = - a+1, z = q and setting h = q , (1.22) becomes (i.25). 
a-1 
While for B = 0, A = 1, a1 = - a+1, 7\ = 1, ^ = m, w = q , 
1-a 
z = 1 and f(x) replaced by f(xq ), (1.29) reduces to 
(1.23). 
As the bibliography at the end of this thesis indicates, 
a large number of Mathematicians have contributed to the study 
of fractional calculus in various direction. In particular, 
K. Nishimoto [122-145] through a series of papers generated a 
great deal of interest in the field of fractional calculus 
since the last one and half decade. Now a journal entirely 
devoted to this field is being published from Japan with the 
name 'Journal of Fractional Calculus'. Osier's contribution 
from 1970 to 1973 in this field is also noteworthy. 
§2. NOTATIONS, DEFINITIONS AND RESULTS USED- The gamma 
function J^z) is defined as follows: 
: 17 : 
oo Z-l -t 
f S t e dt, fU(z) > 0 
o 
T{z)
 = re-) 
Tu) 
•, Rt(z) <0, zj4 0,-1,-2,-3, 
(2.1) 
The Pochhammer symbol ( ?v) is defined by 
< » • 
A C 7^ +1) .... (71+n-l), if n = 1,2,3,. 
1, if n = 0 
(2.2) 
Since ( l ) n - n U ^ ^ ^ n m a y 'De ^oolce<:1 u P ° n a s a 
genera l iza t ion of the elementary f a c t o r i a l . 
In terms of gamma functions, we have 
( ^)n = _ _ _ t ^ ± 0 , -1 , -2 , 
n ru) • • • • • (2 .3 ) 
The binomial coefficient may now be expressed as 
n 
,ni 
( A-D (7i-n+i) (-1) (-*) 
n 
nl n 
(2.4) 
: 18 ; 
or , equivalent ly , as 
ru+i) 
A = 7 - (2.5) 
I t follows from (2.4) and (2.5) t ha t 
F(?>+l) , « , _ 
— - (-D (-7l)n (2.6) 
which for 7l = <*-l, yields 
TU-n) (-D 
— Z Z = » a + 0, + 1, + 2, (2.7) 
r(«) <i-«>n 
Equations (2.3) and (2.7) suggest the definition: 
n 
( /l)_n = — , n = 1,2,3, ; <^± 0, + 1, + 2 
( 1 -7i ) n 
(2.8) 
Equation (2 .3) a lso y ie lds 
^ m + n - ( 7 > ) m <a+»>n (2.9) 
which, in conjunction with (2.8), gives 
: 19 : 
(a) n-k (-D (TO, U-?\-n)k , 0 < k £ n (2.10) 
For 7\= i» w e have 
(n-k) | » , 0 < k < n, 
(-n)„ 
(2.11) 
which may alternatively be written in the form: 
( -1 ) n 
(n -k ) 1 
(-n) 
•» 0 jC k <_ n 
, k > n 
(2.12) 
pFq 
The g e n e r a l i z e d hypergeometr ic f u n c t i o n i s defined as 
n 
a l » a 2 » • • • » a p ' z ( a . ) (a ) . . . ( a ) z 
°o l n 2. n p n 
= i 
R R ft • n = ° ^ l ^ n ^ P ^ n ' - ' ^ a ^ n " 
P^» P2» • • •»?„» J r i n ^ n q n 
(2.13) 
where 6 4s °» -1»-*2»»«»»j = l » 2 , . . . , q . 
The s e r i e s i n (2 .13) 
: 20 : 
(i) converges for Jzj < » if p < q 
(ii) converges for |z| < 1 if p = q+1, and 
(iii) diverges for all z, z ^  0, if p > q+1. 
Furthermore, if we set 
Q P 
0) s I p . - Z <X., 
j = l J j=l J 
then the F s e r i e s , with p = q+1, i s p q 
I . abso lu te ly convergent for Jz| = 1 , i f R£(u>) > o, 
I I . condi t iona l ly convergent for j z | = 1 , z ^ 1, i f 
- 1 < Ri(m) < w, and 
I I I . diverges for j z | < 1 i f R£(io) _< - 1 . 
In terms of hypergeometric function, we have 
n 
- a co (a) z ("a 'z1 
(1-z) = E 2 - i F o - . < 2 - 1 4 ) 
n=o nl L °l ' 4 
and 
•*- =„ KT " o F o t l j <2-15> 
n=o • *- * -4 ., 
: 21 : 
For jq| < 1, the basic number (or q-number) [a] 
is defined as 
a 
1-q 
[a] = (2.16) 
1-q 
where a is any real or complex number and is given by 
a = lim [a] (2.17; 
q—>1 
Some of the nota t ions and de f in i t i ons re la ted to 
q-theory are as given below: 
[ a ] n , q = ^ n = [ a ] O+lJ • - - l > n - l ] ; [ a ] Q = 1 (2.18) 
[ n ] l - [1]_ » [ l ] [ 2 ] [ 3 ] . . . [ n ] t [ o ] = 1 (2.19) 
it f M 
a a a+1 a+n-1 
(a)n,q = ( q >n = (1"q } ^~q )•••(!-<[ ) 
a ! (2.20) 
Other notations available in the literature [54] for 
the q-shifted factorial is as follows: 
1, n = o 
(a
'
q)n m{
 n-l (2-21) 
(l-a)(l-aq)...(l-aq ), n = 1,2,... 
-m 
where it is assumed that c ^  q for ra = 0,1,.... 
r / r ] n 3 [ ( a r ) ] n > = « <q°J)n (2 
a n ; rn (n+ l ) -na 1-a 
(q ) _ n = ( - D q 2 / ( q ) n (2 
a a /2
 n/n 
(1 ) 2 = < « ) ( - q a ) (2 
a a 1+a 
(q ) = (q )
 2 <* > 2 ( 2 
2 n , q n ,q n ,q 
q-Binomial coefficients are given by 
n n [n]I (q)n n 
k q ~ k q " [k]i [n-k]l " (q)fc (q)n_R ' ° q" 
and 
x x-1 x-n+1 
x, (1-q ) (1-q )...(l-q ) , 
U - . . .. 9. : — - . (n > i) 
q 
n
 - (1-q) (1-q2)... (1-q11) 
x 
q 
(2 
A generalization of q-hypergeometric function is 
: 23 : 
denoted by 
(q) (q) 
r*J [Car);(bs);z] or ^ 
(ar); z 
(bs); 
or 
rYs 
'"s5 
« J 
>r by
 r<|)s(a1,a2,...,ar;blfb2,...,bs;q,z) 
and is defined as 
r(|)s(a1,a2,...,ar;b1,b2f ...,bs;q,z) =r<(){ 
al* a2* ,**»ai'»c'»z 
b1,b2, ...,b£ 
= E 
(a1;q)n(a2;q)n»».(ar;q)n z 
n r 
n=0 (q;q)n (bi?q)n(b2;q^n** * ( bs ; q )n-
n *2 
(-1) q 
n 1+n-r (Jl 
(2.26) 
n 
with ( ) = n(n-l)/2, where q £ 0 where r > s+1. 
In (2.26) it is assumed that the parameters 
b,,b2,...,b are such that the denominator factors in the 
terms of the series are never zero. Since 
-m 
(q »q)n = 0» n = "&+1* m+2,... (2.27) 
: 24 : 
an <j) series terminates if one of its numerator parameters 
-m 
is of the form q with m = 0,1,2,..., and q £ 0. 
The q-analogues of a binomial product, exponential 
function, sin x, cos x, gamma function, Bessel functions and 
Laplace transform are as given below: 
Basic binomial. 
a oo 
(x-y) = x n 
a n=o 
(l-(y/x)q 
n -, 
l-(y/x)q a+n 
(2.28) 
Basic exponent ia l s . 
n 
e„(z) = I 
n " 1 1 
= n [1-zq ] = 
q
 n=o ( q ; q ) n n=o " ( z ; q ) t 
. | z | < 1 
(2.29) 
n n(n-l)/2 
Ejz) = I
 : ; = ( - z ;q ) . 
n=o (q;q) n 
The q-binomial theorem. 
!0o(a; ;q,z) 
(az;q)< 
, |z| < 1 (2.30) 
-n 
when a = q , where n denotes a nonnegative integer, 
: 25 : 
-n -n 
^ ( q ; — ; q , z ) = (zq ; q ) n (2.31) 
Basic tr igonometric funct ions . 
r 2r+l 
1 » (-1)
 x 
sin,, x = — [ e ( i x ) - e ( - i x ) ] = Z (2.32) 
q
 2i q q r=o ( q ; q ) 2 r + i 
r 2r 
1 » (-1) x 
cosn x = — [e o ( ix )+e ( - i x ) ] = Z (2.33) 
q
 2 q q r=o ( q ; q ) 2 r 
r 2r+l r (2r+l ) 
1 « (-1) x q 
S i n q x - T7 [E q ( - ix ) -E ( i x ) ] = 1 
q
 2i q M r=o faf^r+l 
(2.34) 
r 2r r ( 2 r - l ) 
1 , « (-1) x q 
Cos„ x = - [E ( ix )+E„( - ix ) ] = I 
q
 2 q q r=o ( q ) 2 r 
(2 .35) 
where jxj < 1. 
Basic gamma funct ion. 
a-1 
T^(a) = ( l - q J ^ / U - q ) , a + 0,-1,-2, (2.36) 
Or in view of the no ta t ion (2.20) 
(q;q) 1-x 
J - ( x ) * _ ^ 2 - ( l - q ) , 0 < q < 1 (2.37) 
• (q ; q ) „ 
: 26 t 
Basic Bessel functions. 
Jjx) = — (§)* $ 
q a (q) 
a 
2 a-1 
; -x q /4 
1+a 2 
q i q 
(2.38) 
^
M
 - 4#" A 
2 
•; -x /4 
1+a 
q » 
(2.39) 
where 
2 a-1 
i -x q /4 
0*1 1+a 2 
q ; q 
2 a-1 n 
(-x q /4)
 q 
=
 nZQ tt~ 
n(n+l) 
(2.40) 
Also, in the notation of (2.20) Ismail in 1981-82 
gave the following definitions for q-Bessel functions: 
(1) 
J,; (x;q) = 
v+i 
(q ;q)c 
(q;q)„ 
v+i 
(§) ^ ( 0 , 0 ^ ;q,-x /4) (2.41) 
(2) 
V+l 
(q ;q)c 
(q?q)„ 
x V i/+l 2 V+l 
where 0 < q < 1. 
(2.42) 
: 27 *. 
In order to formulate q-addit ion theorem, one also needs 
to define the following notations due to Hahn [60] : 
oo r 
Let f(x) = Z a x (2.43) 
r=o 
be a power series in x. Then 
oo 
f([x-y]) = I a (x-y) , (2.44) 
r=o 
r 
t oo t 
f( ) = 2 a (2.45) 
[x-y] r=o (x-y)r 
Also, 
P - k p k(k-l)/2
 v k 
[x-y] = x Z (-1) [k] q (£) (2.46) |3 k=o K q x 
as a generalization for the finite product 
n-1 
[x-y] = (x-y) (x-qy)...(x-q y). 
n 
Still another q-concept of importance is that of 
q-integration. Jackson in 1910 first introduced this concept 
as the inverse operator of the q-difference operator, viz 
: 28 
f(x) - f(xq) 
Dn v f(x)sDfl f(x) = , Jq| < 1 (2.47) 
q,X q
 (l-q)x 
The q-integration operator was denoted by him as 
-1 1 
Dn f(x) = f f(x)d(x;q) (2.48) 
q,X
 (1-q) 
It is apparent that if f is differentiable then 
df 
iim D
 v f(x) = — . (2.491 
q—i>1 q' dx 
It was not until 1949, that an extensive and rigorous 
study of q-integration was made by Hahn [60] and also in 1951 
by Jackson who studied the fundamental properties of the 
-1 
inverse operation D_
 v f(x) and showed that, under certain 
q,x 
conditions, the q-integral tends to the Riemann integral as 
q >1. 
The definite q-integrals are defined by 
/ D
 X f(x) d(x;q) = f(x) - f(0) (2.50) 
o q,x 
: 29 
/ D
 v f(x)d(x;q) = f(-)-f(x) (2.51) 
x q'x 
whence 
b b a 
/ » / - / (2.52) 
a o o 
Correspondingly, the q-integrals can be defined by the 
relations 
/ f(t)d(t;q) = x(l-q) Z q f(xq ) (2.53) 
o n=o 
/"f(t)d(t;q) = x(l-q) Z q f(xq ) (2.54) 
x n=l 
/*f(t)d(t;q) = (1-q) Z q f(q") (2.55) 
o n=-<» 
and so the convergence of a q-integral is determined by the 
convergence of the corresponding q-sum. 
Another notation used in the literature [54] for 
b b 
q-integral / f(t)d(q;t) is / f(t)d t. The bilateral 
a a q 
q-integral is defined by 
: 30 : 
/°f(t)d t = (1-q) I [f(q )+f(q"n)]qn (2.56) 
In 1960, Abdi [l] revived fresh interest in q-integra-
tion theory when he made a thorough study of q-Laplace trans-
forms (see Hahn [60]) defined through the following relations: 
L
 e F(x) = f(s) = / F(x)e (-sx)d(x;q) (2.57) 
q»s o q 
and 
-1 
1 s 
aL F(x)3(. . F(x) «- / E (qsx)F(x)d(x;q) 
3 S q,s (1-qj Q q 
s r=o 
r ?1 r 
F(s 
(q)r 
O ^ - q - q )
 (2<58) 
where E (x) used is defined as 
r r(r-l)/2 
(-1) q r 
E (x) = (1-x)^ = Z x (2.59) 
q
 r=o (q)r 
Abdi applied (2.57-58) to the solution of certain 
q-difference and q-integral equation. Later, Al-Salam [17 j 
in 1966 and Agarwal [5] in 1969, obtained certain q-analogues 
: 31 : 
of fractional inegral operators which were later studied in 
generalized forms by some mathematicians including 
M. Upadhyay [196,197], Al-Salam and Verma [18,19], M.A. Khan 
[66-70], M.A. Khan and A.H. Khan [71,72]. Some applications, of 
q-derivatives and q-fractional integrals were also given by 
H.S. Shukla [181], Denis [33,34], Denis and Pathan [35], 
No claim can be made that the fractional calculus 
approach is better than some other approach. In the opinion 
of A. Erdelyi, there is a succinctness of notation and 
simplicity of formulation in the fractional calculus that 
might suggest absolution to a complicated functional equation 
that is not readily obtained by other means. 
In 1940 and 1941 Erdelyi and Kober investigated pro-
perties of a generalization of the Rieraann-Liouville and the 
Weyl definitions. The topic of fractional calculus lay rela-
tively dormant from 1941 to the early nineteen sixties, when 
a modest resurgence began. More papers were published by 
Erdllyi, Higgins, Mikolas, Al-Bassam, Osier and others in the 
: 32 : 
1960's and early 1970's. Of particular interest to the 
applied mathematicians in the last three decades was the 
development of some formal techniques for the solution, by-
means of fractional operation, of dual and triple integral 
equations that stem from mixed boundary value problems of 
mathematical physics. 
The pair of equations 
oo 
/ K(x,t)G(t)f(t)dt = g(x), 0 < x < 1, 
o 
/ K(x,t)f(t)dt - h(x), x > 1 
o 
where the kernel K(x,t), G(t), g(x), h(x) are known functions 
and f(t) is to be determined, are known as dual integral 
equations. The idea is to reduce a specific physical problem 
to a pair of dual integral equations, for example in finding 
an expression for the potential in the field of an electrical 
disc where different boundary conditions hold over two different 
parts of the same boundary. 
: 33 : 
When the problem is such that different conditions hold 
over three different parts of the same boundary, it is often 
convenient to determine the solution by constructing a set of 
triple integral equations. 
Fractional calculus can be categorised as applicable 
mathematics. The properties and theory of these fractional 
operators are proper objects of study in their own right. 
Scientists and applied mathematicians in the last three 
decades, found the fractional calculus useful in various 
fields: rheology, quantitative biology, electro chemistry, 
scattering theory, diffusion, transport theory, probability, 
potential theory and elasticity. 
§ 3. FRACTIONAL q-INTEGRALS AND q-DERIVATIVES- The study 
of q-analogues of fractional integration has its beginning 
through two remarkable papers by W.A. Al-Salam [16-17]. 
In 1966, W.A. Al-Salam [16] established q-analogues of 
Cauchy's formulas for the multiple integrals 
: 34 : 
X- , x x -n-1 i 
/ / 
••• / f(t)dtdx....dx L_ /•*,
 1,"-
1 
a
 " -
1
" JZT)\ i {x-t] fM' 
(3.1) 
3nd 
J J ... / f(t)dtdx,...dxn , • / (t-x) f(t)dt 
X Xn-1 xl (n-DJ x 
(3.2) 
in the form of the following theorems: 
THEOREM 1. If n > 1 is a given integer 
i " * * ) . / / " - 1 - A ( t ) d ( q , t ) d ( q ( X i ) . . . d ( q ( V i J 3 a 
1 x 
FnTUT { ^ ^ '(t)d(q ft) ( 3 .3) 
and 
THEOREM o.
 If n > , , 
xx n ^ 1 i s an integ< j e r 
•n __ _ 
f ( x ) = f f . . . /•
 f r + ^ ^ * \ J /_ 
) 
K f =
 * T r 4 f ( t ) d ( q ^^ 
-n(n-l)/2 
[n-1] I { ( t _ X ) n _ 1 '<*«> Mq.t) (3.4) 
: 35 t 
The same year, W.A. Al-Salam [17] obtained q-analogues 
of the Weyl fractional integral 
-v i y-i 
K f(x) = —- / (t-x) f(t)dt (3.5) 
F(V ) x 
and the Erdelyi and Sneddon's fractional operator [50] 
Ti,a x a> a-1 -a-T) 
K f(x) = — • — / (y-x) y f(y)dy (3.6) 
"(a) x 
by means of the respective relations 
-y(i7-l)/2 
f K f^(x) = - ~ ~ /"(t-x) f(tq " )d(t;q) 
\ q T(^) x v-i 
(3.7) 
Kq f(x) = f(x) 
and 
- n n 
n,a q x • -rj-a i _ a 
K f(x) = = 7 7 / ( y - x ) a - l y (^y<? )d (y ;q ) , 
(3.8) 
a £ 0, -1, -2, 
: 36 : 
When l) =s n, a +ve integer, formula (3.7) reduces to 
(3.4). On the other hand formula (3.7) can be written as 
v- -V(V+l)/2 _; V ~ k k(k-l)/2 -V-k 
KVf(x) = q xV(l-q) Z (-1) [""Jq f(xq 
k=o k 
(3.9) 
This formula is now valid for all 1/ and in fact, 
when V = -n, a -ve integer (3.9) reduces to 
n -n -n n k n \ k(k-l)-n(n-l)}/2 n-k 
Kn f(x) = x (1-q) Z (-1) [Jq f(xq } 
(3.10) 
n n 
which is a well known formula [60] for (-1) D f(x) given 
by Hahn« 
Al-Salam [17] proved certain properties of these operator; 
(3.7) and (3.8) and gave a short table of transform pair. 
Later, in 1969, R.P. Agarwai [o] defined q-analogue of 
Kober's operator [81] 
K
 a
 f(*) - * = — /{x-t)°" t\(t)dt (3.11) 
'' r(o) o 
37 : 
by means of t h e r e l a t i o n 
- iT-a 
n,a x x TJ 
I„ f ( x ) = / ( x - t q ) t f ( t ) d ( t ; q ) (3 .12) q
 U ( a ) o a-1 
(1 -q ) » k k+1 kr» k 
Z q (1-q ) q f (xq ) (3 .13) 
T^(«) k=0 - 1 
(3.13) being valid for all a. 
A special case of (3.12) is the operator 
a 1 x 
(I f(x) = —• / (x-tq) f(t)d(t;q) 
\ q YU) o a-1 q 
Iq f(x) = f(x) 
(3.14) 
(3.14) may be used to define the operation of fractional 
q-differentiation by means of the correspondence 
a 1 x 
Da f(x) = z= / (x-tq) f(t)d(t;q) (3.15) 
q
 J^(-a) o -a-1 
As a particular case it is easily seen that 
: 38 : 
D x s x (3.16 
q
 JJCu-a) 
which can easily be verified to be in accordance with 
Al-Salam»s result [17,41,61], 
The operator (3.12), it may be remarked, is essentially 
equivalent to the one defined and studied earlier by Hahn [61] 
to define q-analogue of the Laplace transform. In the notation 
-1 
of Hahn (with s = x ), we have 
Tj+1 r]fa a - 1 r\ 
x
 T^(«) Iq f ( x ) = (i-q) q L * f ( * ) ( 3 - i 7 ) 
Hahn has studied in some details the existence of this 
operator, and its inversion. 
Agarwal [5] derived a q-analogue of fractional integra-
tion by parts involving (3.8) and (3.12) and gave two functional 
transformations involving (3.12) and q-Laplace transform due to 
W. Hahn [60]. 
In 1973, M.A. Khan [66] defined q-analogues of all the 
four operators of Kober [147] and proved certain theorems 
concerning them. 
§4. FRACTIONAL q-LEIBNITZ FORMULA AND ITS APPLICATIONS. By 
the Leibnitz formula, we mean 
n
 c ~ n n (k) (n-k) . 
D (f(x)g(x)}- £ L ) f (x) g (x), D S § - (4.1) J
 k=o K ax 
This formula has been generalized [92] to arbitrary 
complex values of n to 
a
 r n oo .a k a+k „ -, 
I [f(x)g(x)y= S (
 k) D f(x) I \q{%)\ (4.2) 
where 
a
 c -, 1 x a-1 
I |f(x)|»—; / (x-t) f(t)dt (4.3) 
n«> o 
is the familiar Riemann-Liouville fractional integral. Other 
extension based on (4.3) may be found in [148,199]. 
Corresponding to (4.1), Hahn [59] gave the following 
q-Leibnitz formula 
n <• n n n ^ n-k n-k 
Dq|f(x)g(x)| = I [fc] Dq f(xq )Dq-g(x) (4.4] 
: 4C : 
was 
valid for n = 0,1,2, 
Extension of (4.4) to 'fractional values of n 
obtained by W.A. Al-Salam and A. Verma [19] in the form 
a 
ar i a a " [<? 3„ n n n 
Ifl U(x)V(x) = x (1-q) I -—£ q U(xq)V(xq) (4.5) 
q J
 n=o [qJn 
Another f u n c t i o n a l q - d e r i v a t i v e formula for product 
of two f u n c t i o n s , proved by Agarwal [ 6 ] , i s g iven in the form 
of the fo l l owing theorem: 
THEOREM 3 . I f n ( x ) a n H v / v v 
u u ; and V(x) a r e two r e g u l a r funct ions 
such t h a t 
U(x) = I a x r , | x j < R , 
r=o x J 
V(X) =
 3 . b r **» 1*1 < R-r=o r 
then for | x | < R, (R , m i n (Rl .Rg)) 
> . ( -D%- n ( n + l ) / 2
 ( q ^ ) , Dn (UV) = I ' n Pi-n^ n n q 
n=o ( a ) ' D [U(xq ) ] D (V) 
n <* 
( 4 . 6 ) 
: 41 : 
Agarwal [6] gave several applications of Theorem 3 
by considering different values of U(x) and V(x) in (4.6). 
Some of the interesting results obtained by Agarwal by using 
(4.6) are as follows: 
A 
~ a N+c •% 
<1 t<? ; q 
cc ; 
a+ X +j c-a 
~ ( i - q ) [q h 
* ^ r —
 24>2 
^ ( l - ^ + J ) ^ N 
r - N a 
q ,q 
a+?» 1+a-N-c. 
q » q i 
(4 .7) 
provided |qj < 1, FU('X) > 0 and N is a positive integer. 
1*] 
r a
 x-
q ; qA 
c 
q ; 
a+ A +s c-a+s 
(1-q )(l-q ) 
= it 
c+s ?>+s 1 
S = 0
 (l-q ) (l-q ) 
*1 
a c-a 
; q 
Ma 
q ; 
(4,8) 
provided |qj < 1, Rd(7\) > 0, Rfc(c-cc) > 0. 
Besides, q-analogues of Gauss's summation theorem and 
Saalschutzfs theorem were also derived by Agarwal [6] with the 
help of (4.6). 
: 42 : 
In 1992, H.S. Shukla [181] obtained some more useful 
results for q-hypergeometric functions using the result (4.6) 
of Agarwal [6]. 
Making use of the fact 
u-a 
a jx_l -a (q ;q) ii-a-1 
Dq x = (1-q) — x (4.9) 
(q ? q ) , 
Shukla [181] first established certain operational representa-
tions before arriving his main result. Some of his operational 
representations are as follows: 
V> 
Dq Cx eq(x)] = (1-q) x - j — ^ [ q ^ ;q ,x] 
(4,10) 
where R t{\x) > R#( 7i) > 0, 
D^^C..^"1 A
 r
 a
 ,1 ,. ^-* ^~1 to *q) r~* f ^ " 1 r a i l / ^ - A Ji~1 ( q » » . 
\x Afc* "ix] J « (1-q) x — —
 A q 
q .q ;x 
q i J 
. (4.11) 
where Rl(\i) > Rl( ?\ ) > 0, jxj < 1 
: 43 : 
M. Upadhyay [197] obtained q-hypergeometric transfor-
mations with the help of q-fractional differentiation. 
§ 5. CERTAIN GENERALIZED FRACTIONAL q-INTEGRALS. In 1951, 
A. Erdelyi [41] defined the following operators of fractional 
integration: 
m -n-ma+m-1 x m » - 1 r, 
I f(x) = I[f(x);mtaftj] = — x / (x -u ) u f(u)du 
(5.1) 
and 
a-1 
m r] oo m m -Ti-ma+m-1 
K f(x)= K[f(x);m,a,T)] = x f (u -x ) u f(u)du 
(5.2) 
where a > 0, m > 0. 
In 1974, M.A. Khan [67] defined q-analogues of the above 
operators in the following fsrm: 
-•n-ma+m-1 
T),a m x x m m m TJ 
Im,q *M = —— / (x -t q ) a _ x t f(t)d(t;q) 
(5,3 j 
: 44 : 
-T) T) 
r) a m q x « m m -T)-ma+m-l 1-a 
K ' f(x) — / (t -x ) t f(tq )d(t;q) 
m
'
q
 7 ^ (a) x a-1 
(5.4) 
where a ^ 0,-1,-2,... . 
For m = 1, (5.3) reduces to the following fractional 
q-integral operator due to R.P. Agarwal [5]: 
-T)-a 
I'J''' f(x) = i- / (x-tq) t f(t)d(t;q), (5.5) 
9 T^(a) o a-1 
while (5.4) reduces to the fractional q-integral operator 
Ti.a q x °° -T)-a 1-a 
K„ f(x) = — — / (t-x) t f(tq )d(t;q) (5.6) 
9 f^(o) x a-1 
which is due to W.A. Al-Salam [17]. 
In 1975, W.A. Al-Salam and A. Verma [18] studied the 
following operators: 
<*> ^ f ( t ) ? = i^r I[xVt ]a.i )h * f(t)d(tiq) 
a a a oo (h a), . j j 
= (1-h) x Z 1*S h f(xq ) (5.7) 
J-o (h) 
: 45 i 
and 
-(n+a)A 
aI x (f(t)} - • — / [x*-qV] t f(t)d(t; 
q
 vA I -> (1-q) Gh(a) o a-l,h x 
(5,8) 
where h = q and G (a) = Tq(a)» 
These operators differ from these defined in (5.3) and 
(5.4), since the products in the integrands of these operators 
advance in powers of q unlike in powers of q in the 
operators (5.3) and (5.4). 
It may be noted that inspite of the fact that the 
operator (5.5) is a particular case of all the three operators 
I [(a);(b);z,n:f(x)] of M. Upadhyay [197], I * ff(t)} of 
r\ta 
W.A. Al-Salam and A. Verma [18] I „ f(x) of M.A. Khan [67], 
m , q u j» 
yet a l l these are three extensions of (5.5) unconnected with 
each o the r . Similar remarks are appl icable to the operators 
K q [ ( a ) ; ( b ) ; z , n : f ( x ) ] of M. Upadhyay [197] and K f(x) of 
M.A. Khan [67] which contain the operator (5.6) as a common 
pa r t i cu la r c a s e . 
: 46 : 
Recently in 1992, M.A. Khan [68] defined the following 
two generalized fractional q-integral operators: 
Iq[(a);(b);o),^ ;z,ii;t):f (x) ] 
x x TIA + ^ - 1 (q ) 
(l-q) o 
k(T)+D* (q*) 
= 2 q
 A<j), 
fiJB 
(a); a) z t /x 
(b); 
f(t)d(t;q) 
k=o A
YB 
(a);u) z q 
(b); 
k 
f(xq ) (5.9) 
and 
Kq[(a);(b);w^;zfn;T}:f(x)] 
TJ^ + ^ - 1 -n?>-^+l . 
x q oo -t)?\-?> (qA) 
(l-q) x A*B 
(a); w z x /t 
(b); 
f(t)d(t 
- k(t)^-l) (qA) 
k=o A
YB 
7i H k W (a); w z q 
(b); 
-k-1 
f(xq ) (5.10) 
These operators unify all the previously known fractional 
: 47 : 
q-integral operators in the sense that all the previously 
known fractional q-integral operators are either particular 
or special cases of (5.9) or (5.10). The same year M.A. Khan 
[68,69] obtained various results for these operators which 
generalise his own earlier results [67] as well as those 
of M. Upadhyay [197]. In 1993, M.A. Khan [70] obtained some 
more transformations involving these operators (5.9) and (5.10). 
In fact for } \ = u. = w = 1, (5.9) and (5.10) reduce 
respectively to the following operators due to M. Upadhyay [197],* 
Iq[(a);(b);z,n:f(x)] 
-T)-l 
= f t A j [(a);(b);zt/x]f(t)d(t;q) (5.11) 
U-q) o 
and 
Kq[(a);(b);z,n:f(x)] 
TJ -T) 
x q oo —1—TJ (q) 
= / t
 A(j)R [(a);(b);zx/t]f(t)d(t;q) (5.12) 
(1-q) x A S 
a-1 
For ~X= 1, \i = m, a) = q , B = 0, A = 1, a^ = -a+1 
and z = q, one gets 
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m (1-q) a-1 n,a 
— — IaL-a+l; ;q ,l,-q,m;ii:f(x) = I f(x) T?«> 
which is-(5.3). 
Further, forA= n, u> = 1» B = 0, A = 1, a, = -a+1, 
a >\ 
z = q , we get by setting h = q , 
(1-h) a n a
 c n 
— — Ia[-«+l; 5l,^;q ,^5T):f(x)] = I ^  <f(t)j 
Gh(a) M M x L 
which is (5.8). 
Finally, for B = 0, A = 1, a1 = -a+1, ^  = 1, 
a-1 l-a 
H = m, w = q , z = 1 and f(x) replaced by f(xq ), 
(5.8) reduces to (5.4). 
6. SOME NEW FRACTIONAL DERIVATIVE FORMULAE- In 1731, Euler 
extended the der ivat ive formula 
( n = o , l , 2 7 . . . . ) 
: 49 : 
to the general form: 
D, i * f = —
 % z 6.2) 
where u. is an arbitrary complex number. 
In 1974, H.L. Manocha and B.L. Sharma [106] established 
the following formula for the fractional derivative of a pro-
duct of two functions as a series of fractional derivatives of 
the individual functions: 
Dx (UV) = Z (A) Dx (U) Dx (V) (6.3) 
n=o n 
where U and V are functions of x and ~)\ is any number, 
real or complex. 
Using (6.3) we have derived the following Rodrigues type 
fractional derivative formulae for Laguerre, Jacobi, Ultra-
spherical, Legendre and Gegenbauer type functions respectively: 
-a x 
(a) x e } -x > +a 
L . (x) = — ; D [e x ] (6.4) 
- a -p 
(a,p) (x-1) (x+1) } ?>-HX 7t+p 
P~ ( x ) - - 5 T - ; D [(x-1) (x+1) ] (6.5) 
7< 2*TTU+ft) 
: 50 : 
2 - a 
(a ,a) (x -1 ) -} 2 3 +a 
?o ( x ) = - r — D [ ( x - 1 ) ] (6.6) 
1
 7i 2 ?> 
P ^ ( x ) = " ^ — D^ [ ( x - 1 ) ^ ] (6 ,7 ) 
l 2 - ^ 4 r(2v+^)r(v+^)(x-i) , 2 w i 
Cl (x) = - r ; , D [(X -1 ) 1 
(6 .8 ) 
where ^ is an a r b i t r a r y r ea l or complex number. 
I t may be remarked tha t for ) \ = n, a pos i t ive integer 
formulae (6 .4-8) reduce to Rodrigues formulae for Laguerre, 
Jacobi, U l t r a s p h e r i c a l , Legendre and Gegenbauer polynomials 
r e spec t ive ly . 
Thus formulae (6.4-8) may be regarded as a general izat ion 
of Rodrigues formulae for respective orthogonal polynomials and 
form par t of o r i g i n a l research work. These new r e s u l t s are 
given in de t a i l with proofs along with d e f i n i t i o n s of Laguerre, 
Jacobi, U l t r a s p h e r i c a l , Legendre and Gegenbauer type functions 
in the l a s t chap te r . 
: 51 : 
Some a d d i t i i n a l n o t a t i o n s and d e f i n i t i o n s used in the 
subsequent c h a p t e r s are as given below: 
For a n o n - n e g a t i v e in teger n , the Laguerre polynomials 
(a) 
are denoted by t h e symbol L (x) and a re def ined as 
(a) (1+a) 
L n (x) = 
n 
2
 1 F 1 [ - n ; l + o ; x ] (6.9) 
(a f p) 
J a c o b i po lynomia l s are denoted by the symbol P (x) 
and a r e def ined as 
(<x,3) d + a ) n P. (x) = 2 
n n\ 2
F1 
-n , l+a+P+n; , 
1+a; 
(6,10) 
which can a l s o be w r i t t e n as 
(a,(3) U+°On P„ (x) = 2 
n 
2FU 
-n.-p-n; ^jj 
x+1 
1+a; 
(6.11) 
The s p e c i a l case p = a of t h e J a c o b i polynomials i s 
c a l l e d the U l t r a s p h e r i c a l polynomial and i s denoted by 
( a , a ) 
P n ( x ) . 
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When a=p=0, the polynomial (6.10) becomes the Legendre 
polynomial and is denoted by the symbol P (x). 
The gegenbauer polynomial C (x) is a generalization 
of Legendre polynomial and is defined by the generating 
relation 
-V 
(l-2xt+t ) 
«? V n 
2 C (x)t 
n=o 
(6.12) 
Gegenbauer and U l t r a s p h e r i c a l polynomials are e s s e n -
t i a l l y e q u i v a l e n t and are connected by the fol lowing r e l a t i o n : 
<U) 
(2><) 
n (y-i.y-i) 
^
+ 5 > n 
n 
( x ) (6 .13) 
The g e n e r a l i n f i n i t e p r o d u c t s p l a y a ro l e in q - func t ion 
t heo ry which cor responds to t h a t played by gamma f u n c t i o n s in 
o r d i n a r y a n a l y s i s . These p r o d u c t s a re w r i t t e n as 
n=o 
3 i » 3o * • • • » 3 j 
b l , b 2 ' " ' » b i 
= tt 
a i 13o * * * • * a r ' 
JV b 2 , # ** , b s ; 
a,+n a0+n a +n 
( l - q * ) ( l - q 2 ) . . . ( l - q r ) 
b,+n b„+n b +n 
(1 -q l ) ( l - q * ) . . . ( l - q S ) 
(6.14) 
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A l so , 
4> b ; c 
d 
e ; f 
oo oo 
m n 
m=o n=o ( q ; q ) m ( q; q) n ( d ; q ) m + n ^ e * » ^ m ^ f * ^ n 
(6 .15) 
* 
(1) a : b ,b«; x,y~ 
oo 
= I 
oo 
( a ; q ) r o + n ( b i Q ) m ( b ' ; q ) n m n 
— x y 
m=o n=o ( q ; q ) ( q ; q ) ( c ; q ) 
(6 .16) 
The g e n e r a l i z e d ' b i b a s i c 1 hypergeometr ie f u n c t i o n i s 
def ined as 
A+B^C+D 
(a) (b) 
q : qx ; x 
(c) (d) 
q : qx ; q qx 
oo 
= Z 
( a l f a 2 , . . . , a A ; q ) n ( b 1 , b 2 , . . . , b B ; q 1 ) n n ^ n ( n + 1 ) / 2 ^ n ( n + : 
x q qx 
n=o ( c l f c 2 , . . . f c c ; q ) n ( d ^ d ^ . . . »c JD»q1)n 
( 6 . 1 7 ) 
: 54 : 
where >\ , > x > o jq | < 1, | q x | < 1 and for ^ = o = / ) x , 
| x | < 1 . 
In the numerator and the denomina tor the terms before 
the Colon are on the base q and t h o s e a f t e r i t are on the 
base q , . As usual ( CL.) s t ands f o r the sequence of N 
pa rame te r s a , , a 2 , . . . , eu . When N = A i t w i l l be dropped o u t . 
CHAPTER I I 
ON FRACTIONAL q-INTEGRALS AND q-DERIVATIVES 
§ 1 . INTRODUCTION- The study of q -ana logues of f r a c t i o n a l 
d i f f e r e n t i a t i o n and f r a c t i o n a l i n t e g r a t i o n has i t s beginning 
through two remarkable pape r s by W.A. Al-Salam [16-17] . 
In 1966, vV.A. Al-Salam [16] e s t a b l i s h e d q-analogues of 
Cauchy ' s formulas fo r m u l t i p l e i n t e g r a l s 
x , x, 
x n - i 1 / / f f ( t ) d t d x . . . dx n _ , 
a a a 
1 x n-1 
/ (x- t ) f ( t ) d t (1.1) (n-1)I a 
and 
/ / / f ( t ) d t d X l . . . dxn_]_ 
X X , X. 
n-1 1 
1 * n-1 
/ ( t -x ) f ( t ) d t (1.2) (n- l ) l x 
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The same year , W.A. Al-Salam [17] obtained q-analogues 
of the Weyl f r ac t iona l i n t eg ra l 
- y 1 °° V - l 
K f(x) * = — - / ( t -x ) f ( t ) d t (1.3) 
and the Erdelyi and Sneddon's fractional operator [50] 
n,a x « a-1 -a-rj 
K f(x) *=—; / (y-x) y f(y)dy (1.4) 
i (a) x 
and proved cer ta in p r o p e r t i e s of the operators defined by him. 
Besides, he gave a shor t table of transform p a i r s . 
Later , in 1969, R .P . Agarwal [5] defined q-analogue of 
Kober's operator [81] 
-n-a
 x 
I n f f f f(x) = - ^ — / ( x - t ) a ~ t f ( t ) d t (1.5) 
and as a special case of h i s operator he es tabl i shed a q-
analogue of f r ac t iona l d e r i v a t i v e . He derived a-analogue of 
f r ac t iona l in tegra t ion by p a r t s involving q-analogues of (1.4) 
and (1.5) and gave two f r ac t i ona l transformations involving 
h i s q -ana logue of (1 .5 ) and q - l a p l a c e t rans form due to 
W. Hahn [ 6 0 ] . 
In 1973, M.A. Khan [66] d e f i n e d q-analogues of a l l the 
four o p e r a t o r of Kober [147] and proved c e r t a i n theorems 
concern ing h i s o p e r a t o r s . 
J 2 . q-ANALOGUES OF CAUCHY'S FORMULAS - This s ec t i on d e a l s 
with q -ana logues of Cauchy's formula f o r m u l t i p l e i n t e g r a l s 
( l . l ) and ( 1 . 2 ) g iven in the form of theorems 1 and 2 below. 
To prove t h e s e theorems Al-Salam [16] f i r s t e s t a b l i s h e d the 
fo l lowing lemmas: 
LEMMA 3 .1 For i n t e g e r s n ^ l and m 2 0 , we have 
m+1 
m j j m+1 (q )n 
\ = * * (c* " <* }n-l = . n ( 2 * 1 } 
3=0 1-q 
LEMMA 3*2 For i n t e g r a l o ^ l , we have 
- n ( m + l ) + l 
m - j -m-1 - j q m 
I q ( q - q ) - (q )„ . . . . . ( 2 . 2 ) 
"
 }
^ - " T 7 J - l " X 1-q n 
• 58 « 
LEMMA 3.3 For non-negative in teger n, 
n+1 n co j j k+1 
a (1-q ) £ q (q - q ) , 
j=0 n L 
n oo j j k+1 n+1 k+1 
a x ( l - q ) Z q (xq - aq ) n - 1 - a (q ) n j=l 
k+1 
« - a(x - aq ) n (2.3) 
The q-analogues of ( l . l ) and (1 .2) are now s ta ted as 
follows: 
LEMMA 3.1 If n 2 1 i s a given in teger 
n x x n- l x l 
I f(x) = / / / f ( t ) d ( q , t ) d ( q , x 1 ) . . . d ( q , x n - 1 ) 
a a a 
/ ( x - q t ) n - 1 f ( t ) d ( q , t ) (2.4) 
Cn-13 I 
THEOREM 3»2 If n 2 * i s an i n t e g e r , 
K f(x) = f f / " f ( t ) d ( q , t ) d ( q , X l ) . . «£ (q ,x A 
x x n- l x l 
- n ( n - l ) / 2 
/ " < ^ x > n - 1 f ( t c * ^ d U , t ) (2 .5) Cn-1] j x 
: 59 : 
I t may be remarked tha t (2.4) and (2.5) can be regarded 
as t ransformations of n-fold i n f i n i t e s e r i e s to a single 
i n f i n i t e s e r i e s . These are bas i ca l ly d i f fe ren t from a f i n i t e 
analogue of ( l . l ) t ha t has been r ecen t ly given by J . F . Traub 
[ 1 9 3 ] . Both the theorems given above can be proved by 
induct ion . 
§ 3 . FRACTIONAL q-INTEGRALS AND q-DERIVATIVES- W.A. Al-Salam 
[17] gave a f r ac t iona l genera l iza t ion of the formula (2.5) of Cau-
chy in the same way t h a t ( l . l ) and (1 .2) have been used to define 
f r ac t iona l i n t e g r a l s and d e r i v a t i v e s . The fract ional q - in tegra l 
operator given by Al-Salam i s as fol lows: 
- V ( l / - l ) / 2 
i f V f ( x) = * / " ( t ^ x ) y - 1 f ( tq ) d( t ; q) 
0 
K f(x) • f(x) 
* (3.1) 
This i s a q-analogue of the Weyl f ract ional i n t eg ra l 
( 1 . 3 ) . 
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When V = n, a +ve in t ege r , formula (3.1) reduces to 
( 2 . 5 ) . On the other hand formula (3.1) can be wri t ten as 
,, -V(V+l)/2 -j y oo lc k ( k - l ) / 2 -V-k 
K ^ f ( x ) = q x V ( l -q ) V 2 (-1) [ ^ ] q f (xq ) 
(3.2) 
This formula i s now va l i d for a l l V and in f a c t , when 
V = -n , a -ve in teger (3 .2) reduces to 
n -n -n n k k (k - l ) /2 - n ( n - l ) / 2 n-k 
K f ( x ) = x (1-q) Z (-1) m q f(xq ) 
9 k=0 K 
( 3 . 3 ) 
n n 
which is a well known formula [60] for (-1) D f (x) given by 
Hahn. 
a 
I t follows from the de f in i t i on (3.1) tha t K i s a 
l i n e a r operator i . e . 
K
a
 ( C l f l + C2f2> " C l K q f l + C 2 K a f 2 ( 3 ' 4 > 
: 61 : 
F u r t h e r , we have 
a p a+p 
K K f (x) « K f (x) ( 3 . 5 ) 
A q-analogue of (1 .4 ) g iven by W.A. Al-Salara i s as 
f o l l o w s : 
-*1 il 
i),a q x «° -T}-oc l - o 
Ka f (x ) = — — / (Y-x)_ , y f ( y q ) d ( y ; q ) f 
M
 Tq(a) x 
(3 .6 ) 
where a |= 0 , - 1 , - 2 , 
This formula can be w r i t t e n as 
r\t a (1 -q) » kil 1+k - a - k 
M 
Formula (4 .7 ) can a lso be w r i t t e n as 
i l ,a a « k k ( t i + a ) + k ( k - l ) / 2 - a - k 
K ' f(x) = (1-q) Z ( -D q [ k a ] f U q ) 
H
 k=0 
( 3 . 8 ) 
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Formula ( 3 . 8 ) i s va l i d f o r a l l a and may be taken 
as a c o n t i n u a t i o n of ( 3 . 6 ) . 
I f a = -N, a -ve i n t e g e r , we g e t 
n ,-N -N oo k k(T)-N)+k(k-l) /2
 M N-k 
K f (x ) = ( l - q ) Z (-1) q [N]f(Xq ) 
S k=0 K 
(3 .9) 
Comparing ( 3 . 9 ) wi th ( 3 . 3 ) , we see t h a t 
i),-N N -N(N-t]+l)/2 t) N
 c --H+M 
q q f (x ) = ( -1 ) q x D a ( x f ( x ) j 
(3 .10) 
L e t us c o n s i d e r the e x p r e s s i o n 
N c - n - a n,a+N 
q I q 
f(x)} . 
By s u b s t i t u t i n g for K f ( x ) from (3 .8) and then 
q - d i f f e r e n t i a t i n g the r e s u l t i n g e x p r e s s i o n N t imes , Al-Salam 
der ived the fo l l owing r e s u l t : 
i),cc N N(N+Tj-hx-l)/2 il+N+a N r - t)-a t|,k+N 
. . . ( 3 .11 ) 
,a ( +TJ-KX 1)/ -) 
K f ( x ) = ( - l ) q x D | x K f(x)J 
: 63 : 
He also proved that 
Kq Kq f(x) = Kq f(x) (3.12) 
valid for all Ti,ct,p. 
From (3.12) it follows that 
-1 
( K J f(x) = Kq f(x) (3.13) 
I t i s easy to see tha t 
K | x f ( x ) j - x (1-q) Kq f(x) (3.14) 
The relationship between the two fractional operators 
(3.1) and (3.6) is given below: 
t)ta n -at^ -a( a-1) /2 -a c -rj-a -, 
Kq f(x) = x q Kq ) x f (x) } (3,15) 
Al-Salam also gave a shor t t ab le of transform p a i r s . 
Because of (3.15) he gave only those involving K and are 
as fol lows: 
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, . «
 A - A ^ <*-> > 
K q X = q 
Tq" (TJ-A+O) 
(3 .16) 
l - t ) -a+A 
11,a A+N - c A i q ^ ^ ( q *N A+N 
' X Kq x - q 1-tl+A 
T^ (n-*+a> (q ) 
(3 .17) 
N 
N, a +ve i n t e g e r . 
T),CC ii+a TI -a ( i i+A+a) T ^ C - a - A ) 
K x (x+b) - x q -— (x+b) 
A T Z ( - A ) A + a 
(3 .18) 
Tj,a - A + T J ( t} -A) a(A-T!) T ^ ( A ) 
K x e ( c / x ) » x q —- — , $ , 
a a 
q ; cq / x 
A+a 
q *» 
(3 .19) 
7},a ix+n-1 
K x e (x) = x 
q q 
H+n-1 -a(n+TT-l) *q ( 1 "*^ 
q 
1*1 
q » x 
q •» _ 
T^ (W-HX) 
(3.2D) 
: 65 : 
K x (b+x) 
V W-lTl (l-iO 
= b x 
rq (l-Kt-ii) >*1 
<* ,q j x q ^ / b 
q ; 
(3 .21) 
-a t)-y-l a(l-n-V) F C ^ + D 
K x (b+x) = b x q • — • 
<? "^  P (V+a+1) 
• (bq + x ) a + v , V ^ O (3.22) 
Kq * 2*1 
a b 
q f q ; x 
c 
q ; 
>i+i)-l - a ( ? i + T } - l ) 
= x q 
T^  (l+a-3 ) 3Y2 A 
b p^-a 
q »q »q 
*
 c 
q »q ; 
(3.23) 
Using the expansion of (x-y) and the r e s u l t s 
a ( l + x ) a (1+xq ) = ( l+x) a 4 £ and ( 3 . 2 l ) , Al-Salam i l l u s t r a t e d 
an app l ica t ion of the above formulae by proving the following 
r e s u l t : 
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A 
- * - y a A + V 
q , q ; x q 
q ; 
( q V ) u ( q ) 
= Z 
k ^ ; k k ( A + V ) 
k=0 ( q ) , ^ ) 2*1 
• ~ a+k p,+k 
q~ , q ; x q 
H+k 
§ 4 . THE I OPERATOR - In 1969, R.P. Agarwal [5] introduced 
the q-fractional operator I defined by 
-n-a 
11,a 
I q f (x ) 
rqw o 
/ ( x - t q ) a - 1 t f ( t )d( t ;q ) (4.1) 
(1-q] k+1 kT) 
T (^a) k=0 
E
 q U-q ) a - 1 q f(xq ) (4 .2) 
(4.2) being valid for a l l a. 
This is q-analogue of (1 .5 ) . A special case of (4.1) 
i s the operator 
I q f ( x ) 
0 
I q f(x) - f(x) 
/ < * - * < * > « - ! f ( t > <*<*;<*) 
(4 .3 ) 
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(4.3) may be used to define the operat ion of f rac t iona l 
q -d i f f e ren t i a t ion by means of the correspondence 
D f(x) = — / (x-tq) , f(t)d(t;q) (4.4) 
As a particular case it is easily seen that 
a n-1 'q^' n-a-1 
D x = x (4.5) 
q
 17 (n-a) 
which can be e a s i l y va r i f i ed to be in accordance with 
Al-Salam's r e s u l t [ 17 ,41 ,61 ] . 
The opera tor ( 4 . 1 ) , i t may be remarked, i s e s s e n t i a l l y 
equivalent to the one defined and studied e a r l i e r by Hahn [61] 
to define a q-analogue of the Laplace transform. In the 
-1 
notat ion of Hahn (with s = x ) , we have 
* T^(a) I q f ( x ) = ( l - q ) q L t n f ( t ) (4.6) 
Hahn has s tudied in some d e t a i l s the existence of t h i s 
operator , and i t s i nve r s ion . 
: 68 i 
§ 5 . PROPERTIES OF FRACTIONAL OPERATORS- Agarwal [5] proved 
the following r e s u l t s : 
8 a a+§ 
I I f(x) = I f (x) (5.1) 
q q q 
I I f(x = I f (x (5.2) 
q q q 
= I I f(x) (5.3) 
q q 
i i f(x) (5.4) 
I I f x (5.5) 
q q 
If in ( 5 . 2 ) , we take y, = ->i , i t follows tha t 
[lqA] f(x) = I q f ( x ) , 
a result in accordance with the inversion formula given by 
a 
q1 
 
Hahn [61] for the „L - ope ra to r . 
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Agarwal also proved the following formula ca l led 
f r a c t i o n a l in tegra t ion by p a r t s : 
co r]ra oo - a T) .a 
/ f(x) K g(x)d(x;q) = / g( xq ) I f(x)d(x;q) 
0 q 0 q (5.6) 
a a 
The corresponding formula for the K and I 
q q 
opera tor would read as 
a ( a + l ) / 2 oo a » - a a 
q / f(x) K g(x)d(x;q) = / g( xq ) I f ( x ) d ( x ; q ) 
0 q 0 q 
(5.7) 
& 6. FUNCTIONAL THANSFORMATIONS- Agarwal [5] deduced t h a t 
TI,OC p 
I q Cx e q ( - x ) ] 
p 
l [ x e ( - x ) ; T i , a ] . 
a p 
U-q ) x 
p-*n+i 1*1 
U - q ) , 
' p+T)+l 
q t - x 
a+p+n+1 
| x | < l , Ri(p+n) > - i (6.1) 
Also, we have the following r e s u l t due to Al-Salam [ 1 7 ] : 
: 70 : 
n,a p p 
Kq C x e q ( - x ) ] s K [ x e q ( - x ) ; n , a ] 
-afi Vql+*)* 
P 
= q T^ (n-p+a) 1*1 
f 1-n-a+p 
q ; -x 
1-il+p 
for | x | < 1, Rl(l-n-a+p) > 0 (6.2) 
Applying the formula (5.6) for f rac t iona l in tegra t ion 
by p a r t s , we have 
T f ( x ) = / ° ° K [ ( x y ) e ( - x y ) ; i i , a ] f (y)d(y;q) 
0 q 
= / " l [ f ( y ) ;T i , a ) e J -xyq )(xyq ) d ( y ; q ) (6.3) 
In the nota t ion of Hahn [60] for the q-Laplace 
transform, namely, if 
L
 e F(x) = f (s) = / F(x) e ( -sx)d(x;q) q»s
 0 M 
(6.4) 
- 1 1 
then L q f S f ( s ) - F ( x ) « — / f ( x ) e ( sx )ds , (6.5) 
where C is a simple closed contour encircling the origin, 
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we have 
- a p p r),a 
T f(x) = (xq ) L q > x q - a [y I q f ( y ) ] (6.6) 
The functional t ransformation 
T f ( x ) = / K[(xy) e (-xy);T),a]f(y)d(y;q) (6.7) 
0 q 
can e a s i l y be shown to have a close r e l a t i onsh ip with the 
n , a 
L and the K - ope ra to r s . In f a c t , Agarwal {5] proved 
tha t 
T),a p p 
T f ( x ) = K [x L ( y f ( y ) ) ] . (6.8) 
q q»x 
S t i l l another i n t e r e s t i n g functional transformation 
s imilar to (6.7) was defined by Agarwal through the q - in tegra l 
equation* 
« p -a 
S f ( x ) = / I[(xy) e ( - x y ) ; n . a ] f(yq )d(y;q) (6.9) 
0 q 
Fract ional i n t eg ra t ion by pa r t s gives 
p co p 
S f (x ) = x / . y e (-xy) K[f(y) ;7 ] , a ]d (y ;q ) 
0 *« 
P 6 n,a 
= X L [y K £ ( y ) ] . (6 .10) 
q» A q 
As in the case of ( 6 .7 ) Agarwal , on s im i l a r l i n e s , 
proved t h a t 
t) ,a 6 p - a 
S f ( x ) = I [x L (y f ( y q ) ) ] . (6 .11) 
q q,x 
From ( 6 . 1 0 ) , he a l so ob ta ined 
- 1 -p p n,oc 
L [x S f ( x ) ] = y K f ( y ) , (6 .12) 
q ,x q 
n,a 
which g i v e s a new r e p r e s e n t a t i o n for the K - o p e r a t o r . 
S i m i l a r l y , (6 .11) g ive s 
- 1 -p r i),a-) " p - a 
L q,X C x ^ q j S f ( x ) ] = y f ( y q ) (6 .13) 
(6 .13) g i v e s an i n v e r s i o n fo r the f u n c t i o n a l t r ans fo rmat ion 
( 6 . 9 ) , s i m i l a r remarks fol low in the c a s e of the r e l a t i o n s 
( 6 . 6 ) and ( 6 . 8 ) a l s o . 
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§ 7 . ^ANALOGUES OF KDBER'S OPERATDRS AND THEIR PROPERTIES-
In 1940, Kober [81] def ined the fo l l owing o p e r a t o r s for a 
complex parameter TJ: 
-n-a 
+ + z z a-1 r) 
% a ( z ) = ^ a f = ^ 7 T / ( z " t } * f ( t ) d t ( 7 - 1 } 
1 
- z co a-1 --n-a 
h w U ) ^ , a f = — ( I M t f ( t ) d t ( 7 . 2 , 
- t j - a 
g" (z) = i " f - ^ - - / ° ( 1 > z ) t f ( t ) d t (7 .3) 
y n , a n , a y ^ ( a ) ' z 
+ + z z a -1 -Ti-a 
h ( z ) = K f = / ( z - t ) t f ( t ) d t (7 .4) 
n , a ^ , a - p ( a ) 0 
In 1973, M.A. Khan [66] i n t roduced the q-analogues of 
these o p e r a t o r s , v i z . , 
-Ti-a 
r\,a r]ta x x 1 
9+,q (x) " K,q f = f ^ { <*-*<> «-l * *(*><*<*<> 
q
 (7 .5) 
Ti.a T)ta q x « -ri-a 1-a 
- . q - . q "T (a) x " ^ 
q
 (7 .6) 
: 7^
 : 
n+oc -TT-a 
t),a T),a q x eo TJ 1 - a 
« - > q ( x ) - I , , q f - F ( a ) / ( M ^ t f i t q )f(t;q) 
q
 (7.7) 
h
+ ,q U ) = ^ q ' = fU)" 0 ( X ~ t q ) "l * f U ) d ( t ; q ) 
(7.8) 
Of these four operators, the operator (7.5) is the 
operator (4.1) of Agarwal [5] and the operator (7.6) is Al-
Salam's operator (3 .6) . The remaining two are connected to the 
f i rs t two. 
Some of the elementary relations among these operators 
obtained by Khan [66] are as follows: 
T),CC -T)-a,a 
I f = K „ f (7.9) 
- » q - » q 
K. f = I . „ f (7.10) 
+»g +»q 
i ^ x n f ( » ) } - « w , i ; ; ; « » > ( 7 - n ) 
B c m« n..
 f ( x O . „""* !^ a + p f ( x ) ( 7 . 1 2 ) 
• 7^ • 
J - . a *_
 a
 f ( x ) = I .
 a f(x) (7.13) 
K+fq K+>q f(x) = K + > q f(x) (7.14) 
T],CC n+a»P t l ,a+p 
I . I ,
 fl f(x) = I , n f(x) (7.15) 
+,q +,q + ,q 
K
 n K f(x) = K_ f(x) (7.16) 
-»q ->q -»q 
I K f » I« „ f ( 7 - l 7 ) 
-»q -»q -»q 
T),a - n - a - p , p ti ,a-if 
K I f = K f (7.18) 
-»q -»q -»q 
I K. „ f = I . „ f (7.19) 
+,q +»q +»q 
K r f = K. f (7.20) 
+,q +,q +,q 
J+,q 1 X f < x >} = * J + , q l * f < x >( ( 7 ^ 
: 76 : 
C
->q j x f(x)J = x q K - > q ^ x f ( x ) [ (7.22) 
I_>q | x " f ( x ) j - x q I - , q i x f<x ) j ( 7 ' 2 3 ) 
K+,q l X f ( x ) i = X K+,q <-X f ( x ) l ( 7 - 2 4 ) 
^ q 1 X f<*>[ = X ^.qi? f<X>J <7-25> 
K
- fq \ x f ( x ) } " X q K - , q | X f ( x ) [ (7*26) 
l
*.q 1X~ f ( X ) l = X « ^ q l " f ( x ) f C7-2?) 
K 'P5x^f(x)]=x K / P ?X f(xU (7.28) :
-,q i x f < x > } = X K + , q l X f ( x ) | 
By put t ing /\ - - a for the upper sign and ^ = a 
for lower sign in ( 7 . 2 1 ) , ( 7 . 2 2 ) , (7.23) and (7.24) and by 
pu t t i ng /\ =» a for upper sign and /\ = - a for lower sign in 
( 7 . 2 5 ) , (7 .26 ) , (7.27) and (7.28) one can obtain some more 
i n t e r e s t i n g p roper t i e s as special c a s e s . 
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T],a 
Khan [66] proved c e r t a i n theorems involving I 
and K, - o p e r a t o r s and a l s o gave the following d e f i n i t i o n . 
DEFINITION 3.1» A f u n c t i o n g( x) w i l l be said t o have a 
f r a c t i o n a l q - i n t e g r a l of o rde r a i f i t can be w r i t t e n in 
e i t h e r of the fol lowing four forms: 
( i ) g(x) - I ? ' " f ( x ) , ( i i ) g(x) - I _ ' * f (x ) 
( i i i ) g(x) = K + [ q f ( x ) , ( i v ) g(x) = K _ ^ f ( x ) . 
He proved the fo l lowing theorems: 
THEOREM 3 . 3 - If g( x) has a f r a c t i o n a l q - i n t e g r a l of o r d e r 
a then the same i s t rue fo r any o r d e r p such t h a t 
a - 0 t* 0 , - 1 , - 2 , - 3 , . . . . 
oo r r <*> r—a 
THEOREM 3 . 4 - If I | q f ( q ) | and L | g( q ) | 
are conve rgen t ; | q| < 1 then f o r Rl(n-) > 0 
o» V*»ct oo —a U-, a 
/ f ( x ) K a (x )d (x ;q ) » / g( xq ) 
0 ~ » q 0 A (7.29) 
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and for Rl(n+oc) < 0 
/V(x) £'* g(x)d(x;q) =/~g(xq"a) K.'* f (x)d( x;q) 
0 »w 0 ,q 
(7.30) 
Relation (7.29) has been proved by Agarwal and (7.30) 
follows from (7.29) by using (7.9). 
oo r oo r 
THEOREM 3.5- If Z |(j)(q )| and £ |f(q )| 
r=-» r=-<» 
are convergent then for | qj < 1 and Rl(ji) > - 1, 
we have 
Q X X T , q Q A A T , q 
(7.31) 
and for j ql < 1 and Rl(p,+oc) < 1, we have 
(7.32) 
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«o r a* r 
COROLLARY 3 . 1 - I f E |<|>(q)| and E | f (q ) 
r = - » r=-co 
converges and | q | < 1 , then we have 
a. - a - 1 , a co - a - 1 , a 
/ x <J)(±) I f ( x ) d ( x ; q ) « / x f (±) I (j)( x)d( x»q) 
0 x q 0 q 
(7 .33) 
and 
/ ~ x*" <t>(^ ) Dn f ( x ) d ( x ; q ) = / ° x f ( i ) Dn <(>(x)d(x;q) 
0 * 4 0 q 
(7.34) 
oo r—oc oo r 
THEOREM 3 . 6 - I f 2 | f ( q ) | and E |<J)(q ) | 
r=—oo r = ~oo 
are conve rgen t then for j q | < 1 and Rl(n+oc) < 0 , 
we have 
00
 i , i H><* 
0 x x »H 
- / * f ( xq ) I . „ 4>(| q ) d ( x ; q ) (7 .35) 
Q x »q x 
and f o r R l (n ) > 0 , | q| < 1 , we have 
: 8C : 
/°-|<t>(|) it'* f(x)d(x;q) ~ , -a \x,a -i a = / 7 f(xq ) K^n4>(i q )d(x;q) 
. . (7.36) 
»q T x 
oo r oo r—a 
COROLLARY 3.2- If E |(|(q)| and Z | f (q ) 
are convergent then for Rl(a) < 0, we have 
/ ; " T 5 5 ^ Kqf(x) d<^> / " - n ; f ( x^" a ) Ka^ qa>d(**q> 
0 x a a x 
q T'x 
(7.37) 
CHAPTER III 
FRACTIONAL q-LEIBNITZ FORMULA AND THEIR APPLICATIONS 
§1. INTRODUCTION- This chapter gives a discrete analogue, 
the so called q-analogue, of the well known fractional version 
of Leibnitz formula i.e., the formula which expresses the 
fractional integral of the product of two functions in terms 
of the derivatives and fractional integrals of each. The 
discrete analogue is naturally suited to be applied to basic 
or Heine series. The chapter also contains applications of 
fractional q-derivatives to the q-hypergeometric series. 
By Leibnitz formula, we mean 
n , - n n (k) (n-k)
 H 
D f(x)g(x) - Z (k)f (x) g (x), (Dsgj) (1 
L
 -3 k=o 
This formula has been generalized [92] to arbitrary 
complex values of n to 
-a k a+k 
( 
k=o 
a , -i * 
l{f(x)g(x)j= I 
 k) D f(x) I {gM} (1 
• so • 
• — *— ft 
where 
^ ? f (x)> - = T T / ( x - t ) a " f ( t ) d t (1.3) 
™ a ) o 
i s the fami l ia r Riemann-Liouville f r ac t i ona l i n t e g r a l . For 
other extensions based on (1 .3) see [148,199] . 
The q-difference operator i s defined by means of 
f(qx) - f(x) 
q L J x (q-1) 
D ^ f ( x ) } -
 : (1.4) 
(note that if f is differentiable then lim D f(x) = f (x)) 
q—> 1 q 
For the q-difference operator we can define two inverse 
operations, the so called q-integrals, 
x °° k k 
I f(x) = / f(t)d(t;q) = x(l-q) I q f(xq ) (1.5) 
o k=o 
and 
Kqf(x) = f°f(t)d(tjq) = x(l-q) I q"* f(Xq~k) (1#6) 
both of which reduce, for c e r t a i n c l a s ses of functions, to 
the corresponding Riemann i n t e g r a l s 
X » 
/ f(t)dt and / f(t)dt when q »1. 
o x 
We require the q-binomial coefficient 
x x-1 x-n+1 
x x (1-q )(l-q )...(l-q ) 
[ 0] q = 1, [ n] q = 2 n ' <n i *> 
(1-q) (1-q ) ... (1-q ) 
and the q-factorial notation 
I'W'Jo.q"1 
2 n-1 
[a]n = [a] n f q = (1-a)(l-aq)(1-aq )...(l-aq ) 
[a], = [a] [n]l = [l][2]...[n], [0] 1 = 1. 
If there is no danger of confusion we shall write 
[l-a]_ or equivalently [l-a] to mean the quantity 
n n, q 
defined above, i.e., [a]n» 
Two q-analogues of the exponential function are 
n
 -1 
oo x oo n 
e (x) = I — — = * (l-xq ) , |q| < 1 (1 
n=o [q] n f q n=o 
The infinite product converges for all x, provided jq: 
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 : 
and 
n n 
,
 x - (-1) x n(n-D/2 - n 
E (x) = I — — q = n (l-xq ), |q| < 1 
n=o [q]n>q 
(1.8) 
which is an entire function of x. 
It is easy to see that lim e (x(l-q)) = lim 
q—>1 q q—>1 
x Eq(x(q-1)) = e . 
Also, 
eq <« ) 1-a 
"T(a) = (1-q) defined
 for a ^ 0,-1,-2,... 
q eq<q) 
This is a q-analogue of the gamma function and 
satisfies the functional equation 
l^U+l) = ((1-q )/(l-qjfl^(a). 
Further, 
0 - k p k(k-l)/2 „ k 
Z 
k=o 
[x-y]p-x I (-1) [k]qq (2) (1.9) 
: 85 ; 
has been written as a generalization for the f ini te product 
n-1 
[*-y]n « (x-y)(x-qy). . . (x-q y) . 
It is easy to see that when p = n formula (1.9) 
reduces to a well known formula of Euler. On the other hand 
if p is not a positive integer and if jq| < 1 then the 
series (1.9) converges absolutely to the value 
P 6q ( q X} 
:
 e (*) q xx 
p - (1-Jq) 
= x ft 
n=
° (1- Jq' ) 
(1.10) 
The Heine series referred to above are series of the 
form 
a1,a2,...ar; 
P^ » p2* * * '&s ' -
[a,] [a0] ...[a ] » L lJnL 2Jn L rJn n 
= I • x (1.11) 
n=o [l]n[pl]n....[ps]n 
Now corresponding to (1.1), Hahn [59] gave the following 
q-Leibnitz formula 
86 : 
n
 r ? n n k n-k n-k 
Dq }f(x)g(x)j = Z [R]q Dq f(xq ) Dq g(x) (1.12) 
valid for n = 0,1,2, , where 
n -n -n -n(n-l)/2 n n k k(k-l)/2 n-k 
DQf(x) = (q-1) X q Z Uln^"1) <? *(** ) 
q
 k=o K q 
(1.13) 
Extension of (1.12) to 'fractional' values of n has 
been obtained in 1975 by W.A. Salam and A. Verma [19] using 
the concept of fractional q-integrals given by 
I* {f(t);x) = — - — f (x-qtj f(t)d(t;q) 
q J
 T*(a) o n-1 
a 
a a * [q ]. k k 
= x (1-q) I - ~ q f (xq ) (1.14) 
k=o [q]k 
and 
-<x(a-l)/2 
K [f(t);x| = - A*"*!,, , ^ tq1"<Z)d(t;q) 
3
 T^(a) * n"1 
a a -a(a+i)/2 » k -a k(k-l)/2 -a-k 
= x (1-q) q Z (-D E J a q f(xq ) 
k=o * M 
(1.15) 
: B7 : 
When there is no danger of confusion one can simply 
a -a 
write I f(x) and K f(x) for (1.14) and (1.15). 
Also, it may be remarked that 
Iq f(x) = Kq f(x) = f(x). 
a - a 
The operator I and K are c lose ly r e l a t ed . In fact 
one can see from (1.14) and (1.15) t h a t i f we put pq = 1 then 
a 
a
 c . a ( a+ l ) / 2 (1-p) - a - a 
I p | f ( t ) ; x j = q j Kq £ f ( t q ) ; x j (1.16) 
(1-q) 
Note tha t the operators (1.14) and (1.15) reduce, for 
in tegra l values of a to 
-N N N
 c 1 N 
I q f(x) = (-1) Kq j f ( x ) j = Dq j f ( x ) } , (1.17) 
N -N 
where I f(x) and K f(x) are the N repeated 
operators (1.15) and (1.16) respectively. 
oo n 
If U(x) = I e x is a power s e r i e s whose radius of 
n=o 
convergence i s R then we have from (1.14) 
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a r -i 
a
 r 0 x oo
 l
-
q
-'n n 
T^(«+X) n=o
 [q , 
'n 
which for |q| < 1 has the same radius of convergence as 
that of U. 
It is clear that (1.14) is absolutely convergent if 
U(x) = 0(x ) as x >0 for Rl{2 ) > 0 so that (1.14) 
A-l 
is absolutely convergent for the cases U(x) = x E (x). 
Similar remark holds when one takes U(x) = [l-x]N or 
U(x) = x 
The chapter also contains another fractional q-derivative 
formula of product of two functions derived by Agarwal [6]. 
Besides, certain applications of these formulae obtained by 
Al-Salam and Verma [19], Agarwal [6] and H.S. Shukla [181] are 
also given. The chapter is concluded by giving q-hypergeometric 
transformations derived by M. Upadhyay [196]. 
^ 2. q-NEWTON SERIES- Such a series were given by F.H. Jacksor 
[62] in the form 
: 89 : 
-
 Dq f<a> 
f(x) = Z (1-q) [x-al (2.1) 
n=o [q]n n 
Al-Salam and Verma [19] wrote it in a slightly different 
form as 
n -n 
n -n(n-l)/2 Dq f ( a q ) n 
f(x) = Z (-1) q — (1-q) [a-x]n 
n=o [qJn 
(2.2) 
To verify the validity (at least formally) of (2.2) they 
put 
oo 
f(x) = Z Cn[a-x]n (2.3) 
n=o 
But 
m 
m (" 1 ) ^ n m(m-l)/2 m 
D„ [a-xl = q [a-xq ] , 
q u Jn r -j Jn-m 
so that by taking q-difference of (2.3) m times and by putting 
-m 
x = aq they got the right value of C . 
n 
They required (2.2) when x is replaced by xq and 
-a 
a by xq . After some simplication they derived 
9C : 
a+n 
n k _.§k(k-l)-ak [q ]k k f k -a-k 
(2.4) 
U(xq ) = I (-1) q *
 x 2 n IT/V„ \ f 
k=0 frrl l ^ J 
If U is a polynomial then the right hand side of (2.4) 
is a finite sum and no question of convergence arises. The 
formula can also be seen to be valid if U(x) has a convergent 
-a-k 
power series expansion and at the same time U(xq ) has a 
power series expansion for all k. In case |qj < 1 it is 
then sufficient to assume that U(x) is entire. In all these 
cases (2.4) is absolutely convergent. 
§3. FRACTIONAL q-LEIBNITZ FORMULAE- From (1.14), Al-Salam 
and Verma [19] obtained 
a 
a
 f - i d a «> LP Jn n n n 
I_]u(x)V(x) \ = x (1-q) Z q U(xq)V(xq) 
q l j
 n=o [q]n 
(3.1) 
n 
Replacing in (3.1) for U(xq ) its value obtained in 
(2.4), they derived 
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a a+n 
a, -> a a - » o o m ^ -'n'-q •'m n m 
Ia {u(x)V(x)j = x (i-q) Z Z (-1) — q x 
M
 n=o m=o [q]n [q]m 
--:rm(m-l)-ma n m -a-m 
q Z V(xq )Dq U(xq ) 
a 
a a oo
 m -^m(m-l)-ma *•<? Jm 
= x (1-q) 2 (-1) q Z 
m=0 [q] 
a+m 
m m -a-m «» n "-^  -"n n 
x Dn U(xq ) 2 q V(xq ) 
q
 n=o [q]n 
Evaluating the inside sum by means of (1.14) Ai-Salam 
and Verma [19] established following fractional q-Leibnitz 
formula 
a -> oo m -a-m a+m 
Ia{u(x)V(x)U Z [ *] D U(xq ) I V(x) (3.3) 
In case a = -N, a negative integer, (3.3) reduces to 
the well-known formula (1.12). 
In case V(x) = 1 then since 
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a+k 
a+k _ x 
Tq(«+k+l) 
so t h a t ( 3 . 3 ) y i e l d s 
a+n 
a oo - a x n - a - n 
I q U(x) = E [ n ] — D U(xq ) (3 .4) M
 n=o M |7(«+n+l) M 
I f q » 1 formula ( 3 . 3 ) reduces to t h e fol lowing 
V - - y (k) ( - V - k ) 
I V [U(x)V(x)] = Z ( k) U (x) V (x) 
k=o 
where I is the Vth fractional integral of Liouville (1.3). 
Although the derivation of formula (3.3) given above 
was only formal, it is easy to see that (3.3) is valid whenever 
the function U(x) and V(x) are such that the series in 
(1.4), (2.4), and (3.1) are absolutely convergent. For example 
if U(x) is a polynomial then (2.4) is only a finite sum and 
the interchange of summation in (3.2) is justified. 
Yet, another very interesting formula for the fractional 
: 93 : 
q-derivative of a product of two functions as a series of 
fractional q-derivatives of the individual functions was 
derived in 1976 by R.P. Agarwal [6] and is presented here in 
the form of the following theorem: 
THEOREM 1. If U(x) and V(x) are two regular functions 
such that 
co r 
U(x) = E ar x , |x| < Rx 
r=o 
and 
a. r 
V(x) = Z b x , |x| < R, 
r=o r 
then, for |xj < R (R = min. (R1,R2)) 
n in(n+l) -X 
X - (-1) <* (<* ) n A-n n n 
D^ (UV) = I D [U(xq )]D_(V) 
q
 n=o (q)n q q 
(3.5) 
PROOF- The R.H.S. of (3.5) is 
-a 
co n ^ 'n ^n(n+i) ^-n n n 
I (-1) qz D„ [U(xq )] D„(V) 
n=o (q), n 
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n -A 
(-1) (q ) n In(n+1) ;\-n » r nr n « in 
Z
 H q D [ Z a x q ]D [ £ bmx ] 
(q ) n r=o x M m=o 
n -A r+m-A nr 
- ( - 1 ) Cq ) n l n ( n + l ) . w ^(r+DTJdn+Dx q 
£ q £ £ a b 
n=o (q ) n r=o m=o r m ]7 (r+l -^ +n)T7(m+l-n) 
-A - - r+m ~ ( -D (CI )nc? 
x £ £ a b "T(r+l)TT(m+i)x £ 
n -A ^n(n+l)+nr 
q»- '• " q 
1 
v x; vq ) ^ 2 
_ , 7m+i)
r m 'q r=o m=o
 r m q q
 n=o (q) J^(r+l-,\+n)T^(m+l-n) 
Simplifying the inner-most series and summing it up by 
means of the q-analogue of Gauss's theorem, the desired result 
is obtained. 
& 4 . APPLICATIONS- We first consider applications of formula 
(3.3) as given by Al-Salam and Verma [19] themselves. As first 
application of (3.3) take U(x) = [l-x]N and V(x) = x 
where N is a positive integer and R£( A ) > 0. By easy 
calculations we have 
r "N 
k Nk Lq \ k 
Dq ^ - ^ N " q -J^T- U"Xq ]N-k 
and by virtue of (1.14) 
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a+k 
a+k<- H ] <*+* a+k - ^ q ^j J j ^ "1 
T x [ = x (1-q) £ q (xq ) 
Q L ;
 J=o [ q ] j 
a+k 
a + k + ^ - 1 a+k - C«I 3j
 A j 
= x (1-q) I — q 
3=0 [ q j j 
a+k+ ^ +s 
a+k+7 i - l a+k « r 1-q Cl
-
q)
 iu\ T**~~ 
i 1-q 
a + k
 e (a* ) 
a + k + ^ - 1 (1-q) V q ' 
= x 
i«*+*i V«"+A> 
a-J 
Replacing these values in (3.3) we get, for x ^  q 
( j = o , l , 2 , . . . , N - 1 ) . 
-N 
a
 < p i - 1 -, N - a Nk ^ •'k - a a + k + ^ - 1 
M * [ 1 - X ] 4 = k f 0 [ ^^ T q T ~ [ l ' X q JN"kX 
( l - q ) e q ( q * ) 
r a + A i e ( q a + * ) 
[q ] k V q ; 
a + ^ - 1 a e q ( c ^ > - a 
= * (1-q) ^ [1-xq ] N 
eq (q ) 
: 96 : 
0< 2 r 2 
a -N 
q , q ; q 
a+^\ 1+a-N 
q »UA)q ; 
(4 .1 
On the o t h e r hand we can c a l c u l a t e the l e f t - h a n d s i d e of (4 .1) 
d i r e c t l y by means of ( 1 . 1 4 ) . vVe ge t 
M* [ 1 - X ] N} 
a 
a + ^ - 1 a oo lcA fq ^ 
x (1-q) I q 
k=o [ q ] . 
k k 
— [1-xq ] N 
a+A - 1 a 
= x (1-q) [ l - x ] N 2(|)1 
q , xq ; q* 
( 4 . 2 ) 
Comparing ( 4 . 1 ) and (4 .2) we g e t ( p u t t i n g x = q ) the 
t r a n s f o r m a t i o n formula 
.•i 
a N+c *" 
q , q ; q 
c 
q i 
- : ^ 
> ° 1-Q 
a+A +j c - a [q ]„ 
>+:s .•• C o
T 2 
C" I N 
" - N a 
q f q ; 
a+^ 1+a-N-c 
q ,q 
( 4 . 3 ) 
provided |q| < 1, R(L(7\) > 0 and N is a positive inttger. 
: 97 : 
For next a p p l i c a t i o n of ( 3 . 3 ) l e t us cons ide r the 
f r a c t i o n a l q - i n t e g r a l I j x E n ^ x M a n d e v a i u a " t e i t in two 
d i f f e r e n t ways. By us ing t h e d e f i n i t i o n (1 .14) we g e t , for 
| q | < 1, and R £ C \ ) > 0 , 
a r 1 - 1 •) a + ^ \ - l 
{* Eq(x)j=Eq(x) x v
x ( l - q )
 1$>1 
a 
q ;q 
LA» -J 
( 4 . 4 ) 
On the o the r hand i f we app ly L e i b n i t z formula (3 .3 ) with 
U(x) = E q ( x ) , V(x) = x 
A - l - a 
we g e t , for Ixq I < 1, 
1 l \ X * ' l E c i M 
a+ X +s -a+s 
» r ( l - q ) ( l - x q ) 
s=o I ( l - q ) 
a a + ^ - 1 
( l - q ) x
 1$J_ 
r- a 
q ; 
^ +a 
q ; 
- a 
xq ( 4 . 5 ) 
Comparing ( 4 . 4 ) and ( 4 . 5 ) we g e t the t r ans fo rmat ion 
formula ( p u t t i n g x = q ) 
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1*J 
r a A. 
q ; q 
c 
q ; 
oo 
= ft 
s=o 
a+"\+s c-a+s 
(1-q ^ )(l-q ) 
c+s > +s 
(1-q ) (1-q ) ^ 
r- a c-a 
q ; q 
A 
^+a 
(4.6) 
provided |q| < 1, R £ ( » > 0, R (c-a) > 0. Note that c. and 
^ in the left hand side interchanged positions in the right 
hand side. 
For the third application of (3.3) we consider 
a r n+^\-l 
M x E (x) V where n is a positive integer. We apply 
Lebnitz formula in two different ways. Once we let U(x) = x , 
V(x) = x E q ( x ) * We t h en Put u(x) = E (*) and 
n+^ -1 
V(x) =s x . Equating the results of these two calculations 
we obtain 
[qA] 
n 
r <*+-A 
l.q ] 
na 
q A 
n 
a n 
q » xq 
a+A+n 
q ; 
n 
Z 
k=o 
-n a n-k 
[q ]k[q ]k[xq ] 
a+^ 
Cqk [q 3„ 
k k 
- ^ 1*1 
a+k n-k 
q ;xq 
a+A+k 
(4.7) 
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provided that |q| < 1, |x| < 1, R0(A-<O > 0. 
As a Corollary of this we obtain, putting n = 1, the 
contiguous relation 
(q'-q* ) fa 
n
 qa; 
q ; 
xq = (l-q) fa 
q ; xq 
q ; 
- (l-x)(l-q ) fa 
- a+1 
q ; 
A+i 
q i 
• •••• \ ^  » O / 
We now consider some applications of Theorem 1 obtained 
by Agarwal [6] and are as given below: 
Y-a-1 -p 
(I) In (3.5), taking U = x , V = x , ^ \ = -a and 
finally putting x = 1, we get the q-analogue of Gauss's 
summation theorem. 
(II) In (3.5) taking 
Y-l 
U = x
 r4>s((ar);(0s)f-xz) 
v
 = A*R((aA);(bR)ixy)t ArBvx"A/,v B 
: 100 
we get, on simplification, the general transformation 
n |n(n+l) - \ n(y-l) 
(-D q' (q ) nq [(aA)3 
n=o 
Y-* 
(q)n (q ) n [(bB)]„ 
A'Jn n n 
x y 
r+l^s+1 
"(«-)• Y 
A t 
(Ps),Y"^+nJ 
n 
xzq fc AYB 
'(aA)+n ; xy 
(bB)+n ; 
= 4> 
Y J (ar);(aA); xz,yz 
Y-A ; (P8)."(bB) 
• • • • • \ *T ) 
valid for jxz| < 1, j xy J < 1, |qj < 1 where 
4> 
a;a;b;x,y 
oo oo 
= z z 
{a)
m-n (a)m (b)n X V 
m=o n=o (q)m (q)n (p) m + n (c)m (d)n 
( I I I ) In ( 3 . 5 ) , taking U » ^ ( - n ^ a j p j x ) , m, a posi t ive 
i n t ege r , V = x »/!= P - 1-cc+m, we have, on f inal ly 
put t ing x = q, 
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3*2 
y, a, -m; q 
Y+1+a-p-m, p; 
oo 
= z 
n xn(n+l) a-B+l-m 
(-D q2 (q ) (q"m) (<*)„ 
'n 'n n 
n Y
 * 
-m+n, a+n; q 
p+n; 
(4.10) 
Summing the right hand „<{), in (4.10) by q-analogue of 
Vandermonde's theorem, we get 
3*2 
Y, -m, a ;q 
Y+l+a-p-m,P; 
P-a p-Y 
^ >m (q }m 
p p-Y-a ' (4.11) 
which gives the q-analogue of the Saalschutz's theorem; 
(IV) Lastly, in (3.1), let us take 
a-1 p £ 
U * x (1-xyq ) (l-xzqc ) 
-s 
V = (l-xz)_p, , P| = a-Y. 
We get for x = 1, the following general transformation 
for a (jh-series: 
: 1C2 : 
(-D Q 
n £n(n+l) y-a P1 n n(a-p'-l) 
(q ) n (q ) n z q 
(1-z) £ 
K
 n=o (q)n (q ) n (z)n 
•l 
n n 
a: P;6 ; yq , zq 
y+n: 
= h 
a: 0; g +p•; y,z 
y: 
(4.12) 
valid for |y| < 1, |z| < 1. 
Agarwal [6] pointed out that the above four illustra-
tions only indicate the variety of results that can be obtained 
from Theorem 1. 
Further applications of Theorem 1 were obtained in 
1992 by H.S. Shukla [181] and are given as under. 
Making use of the fact 
u-a 
a n-1 -a (q ; q ) ~ n-a-1 
= (1-q) Dq x 
(q ;q)« 
(4.13) 
• -i. \* O • 
Shukla [181] f i r s t established the following before arriving 
at his main resul t : 
Dq [x A(|)B[q ;q ; x j ] 
,,-X n -1 ( q ; q ) ~ . ( a ) |i (b) 
= (1 -q ) x A + A + l ^ q »q ' q »q ; X^ (4 .14) 
( q A ; q L 
where R(L(JI) > R0(?O > 0 . 
H 
A-H . ^-1 » , , / " I ^ ( q J q ) ' 
D„ [x e_(x ) ] = (1 -q) x ( q * ; q ) . 
-^  ^i+l ?i+m-l n (j,+l ^-Hn-1 m m 
m<j)m[q »q f - » q ;q >q f . < ? »q »x ] 
(4 .15) 
where RI(\I) > R£( ?)) > 0 
7v c - 1 a+b-c c-a c-b c a+b-c 
Dq tx ACq i — tx]
 2 M q »q ;q » x q ^ 
- ^ c-A-1 ( q ; q J « a+b+A-c 
= (i-q) x —
 x(t)0[q ; . . . ; x ] 
(q ; q ) . 
c - A - a c - ^ - b c-b a+b+A-c 
2
l f , i [ q »q »q »*q ] (4.16) 
where Rg(c) > 0 , RC(?i ) > 0 . 
104 j 
A-n > - l a p 
D q ^X lVq ; Jxy^ l V q ; ; x 2 ^ 
»-\ n-1 <q ' q > ~ d ) 
(1 -q) x — $ 
r A a P 
•q jq »q >xy ,xz 
l_q «—; —»• 
( 4 . 1 7 ) 
w h e r e R £ (y ) > RJL( ?) ) > 0 , j xyj < 1 , | x z | < 1 , | q | < 1 . 
Dq [x e q ( x ) ] = (1 -q) x 
( q * ;q) r 
^ [ q ;q ;x , 
( 4 . 1 8 ) 
where R £ (n) > R £ ( 3 ) > 0 . 
A-H_ W [x
 x(|)0[q ; ; x ] ] 
, u - ^ H- l ( q * q > ~
 a > 
= (1-q) x —-T- —
 2<J)1[q/l ,q ;q ; x ] 
(q »q)_ 
(4 .19) 
where R i ( n ) > R i ( } ) > 0 , | x | < 1 . 
: 105 : 
The main results obtained by H.S. Shukla [181] are as 
follows: 
(a) Taking U = x and V = e (x) in (3.5), we get 
Dq [x eq(x)] 
1 / , \ (q »q) °° n «n(n+i; ,s1/«> n 
- I (-1) q2 — D 
n=o (q } qL ' H 
X -n-n n /\ -1 
a[e (x)] Dc [(xq ) ] 
(4.20) 
Putting the value of the left hand side of (4.20) 
from (4.18) and applying (4.13) on the right side of (4.20) 
one can easily prove that 
A ^ 
^ [ q ;q ;*] = eq(x) ^ 
q ; -xq^ 
q ; q 
(4.21) 
which is a basic analogue of Kumer's transformation. 
(b) Taking U = x and V = ^ [ q » ;x] in (3.5), 
we get 
: 106 i 
Dq t x lVq J J X^ 
n in(n+l) ( q ; q ) n n p 
1 ( _ 1 ) q
 ~ i — ; — D q W q 5 
n=o (q.q), M 
Jx]]Dq [(xq ) 
n 
(4.22) 
Putting the value of left hand side of (4.22) from 
(4.19) and evaluating the right hand side of (4.22) from 
(4.13), we get 
P 
A p n ( x q * q ) « 
2
(I)1Cq »q ;q ;*] = •- -- 2$2 (x ; q), 
q ,q ; -xqA 
P H 
xq , q ; q 
(4.23) 
Y-l 
'
 al a Pi P+ 
(c) Taking U = x , V = ^ [ q ,...,q Y;q ,...,q ;x] in 
(3.5), we have 
Y-S r Y-l . r a a p, p 
Dq *-x
 r(J)t[q ,...,q ;q ,...,q ;x]] 
t S " Y , 
n ±n(n+l) Cq ;q)n n h 
= £ (-1) q — • "- D [J>t[q ,...,q ;q ,...,q P 
n=o (q ; q) n q r x n 
Tv-H-n n Y-1 
D„ [(xq ) ] (4.24) 
: 1C7 
By making use of (4.13) and (4.14), we arrive at 
Y a. a <£ px p. 
r+lrt+l 
n in(n-l) Y n (q ; q ) n ( q ™ > n " - ( q ; q )n 
= I (-1) qZ (xq ) - ^ T g 
n =
° (q b;q) n (q 1;q)n...(q *;q) n 
a,+n a +n Pj+n P+ + n 
r<t>t[q ,...»q ; q »•.•»<? ;*] (4, 
Taking r = 2, t = 1 and replacing ai»a2'^l and 
x by -m, a,p and q respectively in (4.25) we get after 
some simplifications 
Y -m a C p 
0o[q , q , q ;q ,q ; q] 3*2 
p-a a 
(q «q)m(C( Jq)m £-y -m a 1+a-p-a <g 1+r-P 
" 6 3(*)2'-q »q 'q ;q ,q ;q J 
(q
 Jq)m
 (4< 
This i s a transformation of ~§0 ser ies into a similar se r i 
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7\-l a+b-c 
(d) Taking U = x i$0^q ' JX^ and 
c-a c-b c a+b-c 
V = 2<J)i[q »q »q »*q ] in (3.5) and making use of 
Euler's transformation: 
c-a c-b c a+b-c 
c-a-b a+b-c a b c 
= j^Jq ; ;xq ]
 2$x[q ,q ;q ;x] (4.27) 
we have 
2^-LI ^ - 1 a+b-c c-a c-b c a+b-c 
Dq ^x lVq ; Jx^ 2 ^ q 'q ; q ; x q ^ 
\ -u. P\-l a b c 
"
 Dq tX 2^1[q 'q jq ; X ] ] (4,28) 
oo n in(iw-l) ^q jq'n n c-a c-b c a+b-c 
2 (-1) q Da J>,[q »q ;q ;xq ] 
n=o (q ; q) q 2 1 n 
X -Li-n n -* a+b-c n 
Dq [(xq ) ^ [ q ; ;xq ]] (4.29) 
Now putting the value of (4.28) from (4.14) and evaluating 
: 109 : 
(4.29) by applying (4.13) we get 
a b ^ c )i 
^-^ c-a c-b 
n i n ( n - l ) a + b + A-c n ^ ™>n(« ' ^ n ( q ' q ) n 
= I (-1) q2 (xq ) — 3 
n = 0
 (q ; q ) n (q ; q ) n (q ;q) n 
c-a-n c-b-n c+n a+b-c ^ a+b-c ^+n n 
2<t>1[q »q »q »xq ] 2<j)1[q ,q ;q ;xq ] 
(4.30) 
/\-l P $ P' 
(e) Taking U = [x ^ [ q ; ;xy] j^Cq J ;xzq J] and 
P' 
V a J [q ; ;xz] in (3.5), we have 
A-^r *-l . r P . . r P'+S* Dq Lx ^ [ q ; ;xy] ^ [ q ; ;xzj] 
n fn(n+l) U J q J n n p« 
= 2 (-D <r — — : — D , Ciitq ; ;xz]] 
n=o fa;q)n 
X-n-n n^" 1 0 n C P'+n 
Dq [(xq ) ^ [ q ; jxyq ] ^ [ q ; ; xzq ]] 
(4.31) 
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Now making use of (4.17) to the left hand side of (4.31) and 
(4.13) to the right hand side of (4.31), we get 
<!> 
(1) 
q ; q ; q ; xy,xz 
M • » » 
P' ~ n in( 
!<t)0[q ; ;xz] i (-1) q 2 
n=o 
n 
^ i3' a 
(q ;q)„ (q ;q)„ (*zq ) (X) 
$ n 
n 
(xzq ;q) n (q jq)n (qjq)n 
- . P % n p«+n 
q" :q ;q ;xyq ,xzq 
\i+n 
r t 
(4. 
CHAPTER XV 
CERTAIN GENERALISED FRACTIONAL a-INTEGRALS 
§ 1 . INTRODUCTION- The p r e s e n t c h a p t e r dea ls with two 
g e n e r a l i s e d f r a c t i o n a l q - i n t e g r a l s un i fy ing the known f r a c -
t i o n a l q - i n t e g r a l o p e r a t o r s due to W.A. Al-Salam [ 1 7 ] , R . P . 
Agarwal [ 5 ] , M. Upadhyay [ 1 9 7 ] , M.A. Khan [67] and W.A. A l -
Salam and A. Verma [ 1 8 ] . C e r t a i n t r ans fo rma t ions of t he se 
g e n e r a l i s e d f r a c t i o n a l q - i n t e g r a l o p e r a t o r s are g i v e n . 
In 1951, A. E r d e l y i [41] de f ined the following o p e r a -
t o r s of f r a c t i o n a l i n t e g r a t i o n : 
cc-1 
m -"H-ma-Hn-1 x m m T) 
I f (x)H I [f(x);m,a,7i] = x / (x -u ) u f(u)du 
Roc) o 
(1.1) 
and 
K f ( , ) S K [ f (x) ;m,a ,n] ~ « V ( u V ) ^ u ^ ^ f ( u )du 
(1.2) 
where a > 0 , m > 0 . 
: 112 : 
In 1974, M.A. Khan [67] def ined q-analogues of the 
above o p e r a t o r s in the fo l lowing form: 
-T)-ma+m-l 
r)fa m x x m m m TI 
Im f ( x ) = — / ( x - t q ) t f ( t ) d ( t ; q ) 
m>3 HCa) o a - 1 
(1 .3 ) 
•H,a m q x < » m m --n-ma-Hfr-1 -L-a 
K f ( x ) = — f ( t - x ) t f ( t q ) d ( t ; q ) 
m
»c[ p ( a ) x a -1 
( 1 . 4 ) 
where a /£ C, - 1 , - 2 t 
For m = 1, ( 1 . 3 ) r educes t o the fol lovdng f r a c t i o n a l 
q - i n t e g r a l o p e r a t o r due t o R . P . Agarwal [ 5 ] : 
- n - a 
rj,a x x r\ 
*
 f ( * ) = = = / Cx-tq) t f ( t ) d ( t ; q ) ( 1 . 
q
 T J a ) o a - 1 
c 
while ( 1 . 4 ) reduces t o the f r a c t i o n a l q - i n t e g r a l o p e r a t o r 
T),a q x oo - n - a 1-a 
K fC^) = ^ ^ 7 7 / Ct-x) t f ( t q ) d ( t ; q ) 
q
 TZ(a) x
 a _ x 
which i s due to W.A. Al-Salam [ 1 7 ] . 
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In 1975, W.A. Al-Salam and A. Verma [IS] studied the 
following opera tors : 
Ixxf f(t)U—— / (V- qV] t f(t)d(t;q) 
3 x l J Gn(a) o a - l , h 
a 
a /} a « ( h ) . h j j 
= (1-h) x Z ^ h f(xq ) (1 
J-o ( h ) j f h 
and 
- (n+a)^ 
1 , a C 1 ^ 1 " h ^ X ,.*r \ >-> T } ^ + A - l 
q X
 *
 C
 (1-q) Gh(a) o a - l ,h 
f ( t ) d ( t ; q ) (1 
where h = q^ and G (a) = "P ( a ) . 
q q 
These opera tors d i f f e r from those defined in (1.3) 
and ( 1 . 4 ) , since the products in the integrands of these 
operators advance in powers of q unlike in powers of q 
in the operators (1 .3) and ( 1 . 4 ) . 
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I t may be noted t h a t i n s p i t e of the f a c t t h a t the 
o p e r a t o r ( 1 . 5 ) i s a p a r t i c u l a r case of a l l the th ree opera tors 
I [ ( a ) ; ( b ) ; z , T ] : f ( x ) ] of M. Upadhyay [ 1 9 7 ] , I J, [f(t)j of 
W.A. Al-Salam and A. Verma [18] and Iffl f( x) of M.A. Khan 
[ 6 7 ] , y e t a l l t hese are three e x t e n s i o n s of ( 1 .5 ) unconnected 
with each o t h e r . S i m i l a r remarks a re a p p l i e d to the opera tors 
K [ ( a ) ; ( b ) ; z , n : f ( x ) ] of M. Upadhyay [197] and K
 n f (x) of q m, q 
M.A. Khan [67] which con ta in the o p e r a t o r (1 .6 ) as a common 
p a r t i c u l a r c a s e . 
R e c e n t l y in 1992, M.A. Khan [ 6 8 , 6 9 ] def ined two genera-
l i s e d f r a c t i o n a l q - i n t e g r a l o p e r a t o r s which unify a l l the 
p r e v i o u s l y known f r a c t i o n a l q - i n t e g r a l o p e r a t o r s and obtained 
v a r i o u s r e s u l t s for t h e s e o p e r a t o r s which g e n e r a l i s e his own 
e a r l i e r r e s u l t s [67] as well as those of M. Upadhyay [197] . 
In 1993, M.A. Khan [70] obtained some more t rans format ions 
i nvo lv ing these un i fy ing o p e r a t o r s . 
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§ 2 . UNIFYING OPERATORS. I n 1 9 9 2 , M.A. Khan [68] i n t r o d u c e d 
t h e f o l l o w i n g g e n e r a l i s e d f r a c t i o n a l q - i n t e g r a l o p e r a t o r s : 
I q C ( a ) ; ( b ) ; w , ^ ; z , j i ; T j : f ( x ) ] 
- n >\ - A > 
x x tiA + ^ - 1 (qA) 
f t A (1-q) o ^B 
•x ^ ^ ^ 1 ( a ) s « * z t / x 
( b ) ; 
f ( t ) d ( t ; q ) 
S 
k=o 
k ( n + l ) ^ Aq*) 
* A 
t a ) ; u> z q 
( b ) ; 
f ( x q ) , ( 2 . 1 ) 
Kq [ ( a ) ; ( b ) ; w , V » z , H ; n : f ( x ) ] 
T1>i + ^ - l
 ri)7>-2 +1 -x 
x q - - T } ^ - ^ . ( q ) 
f w * * 4* A*B 
( a ) ; » ^ z x / t 
( b ) ; 
~ k(rj * + * - ! ) ( q ^ ) 
k=o A
YB 
( a ) ; u z q 
( b ) ; 
f ( t ) d ( t ; q ) 
- k - 1 
f ( x q ) . 
( 2 . 2 ) 
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PARTICULAR CASES, ( i ) For A = U = w = 1, ( 2 . 1 . 2 ) reduce 
t o ihe following o p e r a t o r s due to M. Upadhyay [ 1 9 7 ] : 
I q C ( a ) ; ( b ) ; z , T j : f ( x ) ] 
- T ) - l 
~ ^
 t
 A^B q [ ( a ) ; ( b ) v z t / x ] f ( t ) d ( t ; q ) 
(1 -q) o 
k(Tj+l) (q) k k 
= E q J ) a [ ( a ) ; ( b ) ; z q ] f (xq ) (2.3) 
k=o * s 
and 
Kq [ ( a h ( b ) ; z , T > : f ( x ) ] 
x q oo - 1 -T] ( q ) 
/ t
 A4)B [ ( a ) ; ( b ) ; z x / t ] f ( t ) d ( t ; q ) 
(1-q) x 
~ kri (q) k+1 - k - 1 
= I q A [ ( a ) ; ( b ) ; z q ] f (xq ) . (2 .4 ; 
k=o A ri 
<x-l 
( i i ) For ) \= 1, p * m, u » q , B = 0 , A = 1, a1 - -<z+l 
and z = q, we g e t 
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m (1-q) ' o - l 
— I [ - a + l ; - ; q , l ; q , m ; m f ( x) J 
-TT-1 
m x x i) 
/ t ,<b 
- a+1 m+a-1 m m 
q ;q t / x -
f ( t ) d ( t ; q ) 
-T]-ma+m-l 
m x x i] m m m 
= — • / t ( x - q t ) f ( t ) d ( t ; q ) 
JZ (a) o a-1 
which i s ( 1 . 3 ) . 
a ( i i i ) For >> = n , u> = 1 , B = 0 , A = 1, a = - a + 1 , z = q , 
we g e t by s e t t i n g h = q " , 
(1-h) 
G h ( « ) < 
I a C - a + l ; — f l f ^ ; q " , ^ ; T i : f ( x ) ] = 
x (1-h) x T J ^ + ^ - I 
f t .<j) 
(1-q) Gh(a) o lV< 
-a+1 p^a % 7| 
h *,q t W 
f ( t ) d ( t ; q ) 
(1-q) Gh(a) o <**-«***>a-l ,h f ( t ) d ( t ; q ) 
: 118 : 
which is (1.8) . 
a-1 
(iv) For B = 0 , A = l, a,= -a+1 , A = 1» H = m, w = q , 
1-a 
z = 1 and f(x) replaced by f (x q ), (2.2) reduces to 
(1.4). 
§ 3 . SOME ELEMENTARY PROPERTIES. The g e n e r a l i s e d f r a c t i o n a l 
q - i n t e g r a l o p e r a t o r s (2 .1 ) and ( 2 . 2 ) due to M.A. Khan [68] 
e x h i b i t the fo l lowing formal p r o p e r t i e s : 
* I [ ( a ) ; ( b ) ; P v .w;z,ji ;Ti-c:x f ( x ) ] ( 3 . 1 ) , 
9i c 
x K [ ( a ) ; ( b ) ; ? > ,w;z ,n ;T] : f (x) ] 
* Kq [ ( a ) ; ( b ) ; a f u » ; z f n ; T ] + c : ( x q ) f ( x ) j ( 3 . 2 ) , 
I f I f ( x ) * g ( x ) , then I f( a x) = g( 3 x) ( 3 . 3 ) , 
I f K f (x ) = g ( x ) , then Kq f ( ?j x) = g( p\ x) ( 3 . 4 ) . 
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The l a s t two equa t ions e x p r e s s a homogeneity of the 
o p e r a t o r s . They show t h a t given a f u n c t i o n f(xy) there i s 
no d i f f e r e n c e whether the o p e r a t o r s a re app l ied with r e s p e c t 
to x , y o r w = xy. 
§ 4 . q-MELLIN TRANSFORMS OF (2 .1) AND ( 2 . 2 ) . In h is paper 
M.A. Khan [68] proved the fol lowing theorems connecting 
q-Mel l in t r ans fo rm and the o p e r a t o r s ( 2 . 1 ) and ( 2 . 2 ) : 
oo r s r 
THEOREM 1 . I f Z | q f (q ) | c o n v e r g e s , | q| < 1, Ri(^) > C 
r=-co 
| u z I < 1 , and R i ( n ? ^ - s ) > 0 , then 
T)?i + ?\-$ ( 1 - q ) Mq j l q [ ( a ) ; ( b ) ; ^ u ) ; z f l i ; n : f ( x ) ] J = 
. * A+1YB+1 
' (a) T I 7 ; + ^ - S 
h : q 
(b) n 7 l + / H l i - s 
h : q ; 
,-V 
tt f «x)} ( 4 . 1 ) 
where in t h e numerator and the denominator of the ' D i b a s i c ' 
s e r i e s on t h e r i g h t , the terms be fo re the colon are on the 
base h = q and those a f t e r i t a re on the base q and the 
: 12C 
q-ana logue of Mel l in t r ans fo rm of f ( x ) i s def ined as 
M f(x) = / x f ( x ) d ( x ; q ) . 
" o 
w r s r 
THEOREM 2 . I f Z | q f (q ) | conve rges , | q | < 1 , 
R£,(lO > 0 , lw z | < 1 and Ri {r)\ + \+ s) > 1 , then 
( 1 - q 
T} X + A + S-l 
) M q { K q [ ( a ) ; ( b ) ; A , w , r , l i ; T 1 : f ( x ) ] j 
= q 4>p A+1YB+1 
" (a) n > + >+ s -1 v \i v 
h : q ;w z q 
(b) n ^ + >+s+u—l 
h : q ; 
M q f f ( x ) 
( 4 
where in the numerator and the denominator of the ' b i b a s i c 1 
s e r i e s on the r i g h t , the terms before the colon are on the 
A ^ 
base h = q and those a f t e r i t a re on the base q . 
PARTICULAR CASES. We now c o n s i d e r c e r t a i n p a r t i c u l a r cases 
Theorem 1 and 2 ( in the form of C o r o l l a r i e s ) : 
( i ) S e t t i n g \^ = n = w = 1 in Theorem 1 and 2 , we have 
: 1 2 1 : 
oo r s r 
COROLLARY 1 . If Z | q f ( q ) | converges , | ql < 1, 
zj < 1 and RL (T]-S) > - 1 then 
TJ+l-S (1-q " ) M q [ l q [ (a) ; (b) ;z ,Ti : f (x)] } 
, * 
(q ) 
A+1YB+1 
( a ) , i l + l - sv z 
( b ) , ri+2-s; 
M { f ( x ) | (4 .3 ) 
and 
oo r s r 
COROLLARY 2 . If I [q f ( q ) \ converges , j q| < 1 , 
r=-°o 
z < 1 and R £ ( n + s ) > 0 then 
TI+S 
( 1 - q ) Mq £ K q [ ( a ) i ( b ) ; z f n : f ( x ) ] J 
* A+l^B+l 
( a ) , TI+S ; zq 
( b ) , TI+1+S 
Mq^f(x)} (4 .4 ) 
( i i ) Fo r A = 1, a1 = - o + l , B = 0 , ?^= 1 , n = m, z = 1 , 
a - 1 l-<r 
w = q in Theorem 1 and in a d d i t i o n f (x) replaced f ( x q ) 
in Theorem 2 , 
we g e t 
: 122 : 
c© r s r 
COROLLARY 3 . I f E | q f ( q ) | i s convergent , | q| < 1, 
ra i s +ve i n t e g e r , Rjl (t]-s) > - 1 and RJL (a) > 1, then 
q ni,q 
m (1-q) 
1+T)-S 
(1-q ) T T ( « ) 
$ 
~ 1-a 1+T]-S m+oc-1 
q : q ;q 
1-Mi-s+m 
qs q ; 
Ma^f(x)r 
(4 .5 ) 
where in the numerator and the denominator of the ' b i b a s i c ' 
s e r i e s , the terms be fo re the colon are on the base q and those 
m 
a f t e r i t are on t h e base q 
S i m i l a r l y , from Theorem 2 , we have 
oo r s r - s 
COROLLARY 4 . If E Jq f ( q > | i s convergent , j q| < 1, 
r = - « 
m i s a p o s i t i v e i n t e g e r , R£. (tl+s) > 0 and R&(cc) > 1 , then 
Mq **,<, f<*> 
m (1 -q ) 
Tl+S 
(1-q )Vq (a) 
* 
1-a ii+s ra+a-1 
q *q »q 
•n+s+m 
q i q ; _ 
M^f(xq~a)} 
(4 .6 ; 
where in the numerator and the denominator of the ' b i b a s i c ' 
s e r i e s (}), the terms be fo re the colon are on the base q and 
12: 
m 
those a f t e r i t a re on the base q . 
R e s u l t s ( 4 . 3 - 4 ) are due t o M. Upadhyay [ 1 9 7 ] , while 
(4 .5 -6 ) a re due t o M.A. Khan [ 6 7 ] . 
§ 5 . FRACTIONAL INTEGRATION BY PARTS. 
oo x{T)7\ + h) r oo - r ( r i ^ + ^ - l ) i 
THEOREM 3 . I f I | q f ( q ) | and E | q g( q 
r s -oo r=-<» 
are convergen t , | qj < 1 , R £ ( n ) > 0 , jw z j < 1 and 
Rt (TI7V + ? 0 > 0 , then 
/ f (x) I C [ ( a ) ; ( b ) ; ^
 fw;z fn;Ti :g(x)]c l (x;q) 
o " 
- 1 
= / g(xq ) I [ ( a ) ; ( b ) ; 7 v , w ; z q f n ; T i : f ( x ) ] d ( x ; q ) (5 .1 ) 
PARTICULAR CASES. ( i ) Fo r? \= u = \i » 1, ( 5 .1 ) reduces to 
the fo l lowing : 
« r("n+l) r oo -rn. r 
COROLLARY 5 . If £ jq f ( q ) j and I | q g ( q ) | 
x=!«oo r=—«o 
are convergen t , | qj < 1 , jz j < 1 and R£ (n) > - 1 , then 
: 124 i 
/ f (x ) K [ ( a ) ; ( b ) ; z , t i : g ( x ) ] d ( x ; q ) 
o " 
- 1 
= / g(xq ) I [ ( a ) ; ( b ) ; z q f T j : f ( x ) ] d ( x ; q ) (5 .2) 
o q 
a-1 
( i i ) F o r A = 1, H = m, z = 1, w = q , B = 0 , A = 1, 
1-a 
a.^  = -a+1 and g( x) r e p l a c e d by g(x q ) , (5 .1 ) y i e l d s . 
«» r ( n + l ) r °° - r n r - a 
COROLLARY 6 . I f I | q f ( q ) | and Z |q g( q ) 
are convergent , | qj < 1 , m i s a p o s i t i v e i n t e g e r , 
R £ ( n ) > - 1 and RJ l ( a ) > 1, then 
/ ~ f ( x ) K ' g (x )d (x ;q ) = /~g( xq ) I ' f ( x) d( x;q) (5 .3) 
a-1 
( i i i ) For ?\ = n = z = l , u = q , B = 0 , A = 1 , 
a-, = - a + 1 , (5 .1) becomes 
r(t |+l) r oo - r n r 
COROLLARY 7. Le t | q f ( q ) | and E | q g(a ) | 
r=-<» 
are convergent , |q i < 1 , R £ (a) > 1, R £, (n) > - 1 then 
/ f (x ) K ' g (x)d(x;q) = / " g ( x q ) I ' f (x )d(x ;q) (5 .4 ) 
o " o " 
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The r e s u l t (5 .2 ) i s due to M. Upadhyay [197] , ( 5 . 3 ) 
i s due to M.A. Khan [67] and ( 5 . 4 ) i s due to R.P. Agarwal [ 5 ] . 
§ 6 . FUNCTIONAL TRANSFORMATIONS INVOLVING q-LAPLACE 
TRANSFORMS AND THE OPERATORS ( 2 . 1 ) AND ( 2 . 2 ) . 
Applying the formula ( 5 . 1 ) f o r f r a c t i o n a l i n t e g r a t i o n 
by p a r t s , we have 
oo p 
T f ( x ) s f K [ ( a ) ; ( b ) ; ? \ ,a) ;z ,a ,Ti : (xy) e q ( -xy ) ] f (y)d( y; q) 
oo - 1 p 1 p - 1 
= / I „ [ ( a ) ; ( b ) ; ^ , u ; z , j i i T i : f ( Y ) ] ( x y q ) e „ ( - x y q )d (y ;o ) 
( 6 . i ; 
Q ^ H - , , * - , , „ , - , - , , - , - - w , ^ " , - . , q . 
In the n o t a t i o n of W. Hahn [60] fo r the q-Laplace 
t r a n s f o r m , namely, i f 
L n . F(x) = f ( s ) = / F(x) e ( - s x ) d ( x ; q ) , q»s o q 
then 
L q , s f ( s ) a s F ( x ) • S I ^ f ( s )E q ( - sx )ds , 
where c is a simple closed contour encircling the origin, 
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we have 
-1 P 
-1 H r 0 
T f(x)s (xq ) L n -1 yl[(a)}(b);^,u}z,|itn:f(y)] 
(6.2) 
The functional transformation 
T f(x)= /°*K [(a);(b);^,u;z,n;Ti:(xy) e (-xy)]f(y)d( y;q) 
o q q 
(6.3) 
can easily be shown to have a close relationship with the 
L and K [(a) ;(b); > ,u>;z,n;-n:—j operators, q, s q 
In fact we have the following theorem: 
, r ( r ) ^ +7i ) r 
THEOREM 4 . If Z | q f (q ) [ converges , \a\ < 1, 
f U ( n ) > 0 , Iw71 z | < 1 , R£ (*!*+/*- P) > 1, | x | < 1 then 
/ f (y)K [ ( a ) ; ( b ) ; ^ , u ; z , n ; T 1 : ( x y ) e ( - xy) ] d( y; q) 
o " 
S fl 
5T f(x) = Kq[(a);(b);7\ ,co;z fn;Tj:x L q ( J y f ( y ) } ] . 
S t i l l another i n t e r e s t i n g functional transformation 
s imi la r to (6.3) can be defined through the q- integral equation 
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oo fi 
S f (x ) = / I r ( a ) ; ( b ) ; 7 > , w ; z ^ ; r | : ( x y ) e (-xy) ] f (y)d(y;q) 
0 qu " " ' ' " ' " q' 
( 6 .5 ) 
Again by ( 5 . 1 ) , we obtain 
8 oo r 
S f ( x ) 3 x / y e J - x y ) K J ( a ) » ( b > 5 /\ f"*2^;^^ ( qy)]d(y;q) 
O Q 
=
 x L
« v ^ K r ( a ) ; ( b ) ; ^ , w ; z , t i ; t i : f ( c f y ) ] l ( 6 .6 ) 
q » x c q J 
As in case of (6.3) we can, on similar lines, prove the 
following theorem: 
oo _ r (T)^+; \ - l ) r 
THEOREM 5: I f E | q f ( q ) | converges , |qi < 1, 
r=-oo 
|OJ z | < 1 , RLM >0, | x | < 1 and R £ ( n ^ + ^ + 8) > C then 
8 S 
S f (x) = I [ ( a ) ; ( b ) ; A , w , z , n ; n : x L q f X | y f ( y ) ] ] (6 .7) 
From ( 6 . 6 ) , we also get 
- 1 - 6 P 
L
 v [ x S f ( x ) ] = y K [ ( a ) ; ( b ) ; ^ , w ; z f n ; T | : f ( q y ) ] (6 .8 ) 
q» x q 
which g i v e s a new representat ion for the K [ ( a ) ; ( b ) ; "X ,w;z ,m 
T):— ] operator . S i m i l a r l y , ( 6 . 7 ) g i v e s 
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- 1 - p c n ~l p 
L q , x t x { ^ [ ( a M b ) * * . w ; z . | * ; n : — ] j - S f (x ) ] = y f ( y ) , 
( 6 .9 ) 
where ( 6 . 9 ) g ives an i n v e r s i o n f o r t h e func t iona l t ransforma-
t i o n ( 6 . 5 ) . 
S i m i l a r remarks fo l low in case of the r e l a t i o n s (6 .2 ) 
and ( 6 . 4 ) as w e l l . 
PARTICULAR CASES OF THEOREMS 4 AND 5 . 
( i ) P u t t i n g A = l* = w = 1 in theorems 4 and 5 , we ge t 
oo r(r]+l) r 
COROLLARY 8. If E | q f ( q ) | converges , \q\ < 1, 
r = - » 
\z\ < 1, | x | < 1, RG(Tj-p) > 0 then 
oo P 
/ f ( y ) K C ( a ) ; ( b ) ; z , n : ( x y ) e (-xyj)d(y;q) 
o q q 
Q Q 
= K [ ( a ) ; ( b ) v z , n : x L (y f ( y ) ] , (6 .10) 
q q, x 
and 
oo - m . r 
COROLLARY 9» If E | q f ( q ) j converges , J q| < 1, 
r=-oo 
| z | < 1 , | x | < 1, R£(ti+p) > - 1 then 
: 129 : 
J°°f(y) I [ ( a ) ; ( b ) ; z , n : ( x y ) e ( - x y ) ] d ( y ; q ) 
8 B 
= I [ ( a ) ; ( b ) ; z , n : x L (y f ( y ) ) ] (6.11) 
q q,x 
( i i ) S e t t i n g B = 0 , A = 1 , a1 = - a + 1 , ^ = 1 , \L = m, 
a - 1 
w = q in theorems 4 and 5 . F u r t h e r , p u t t i n g z = q in 
theorem 5 and z = 1 in theorem 4 , we g e t 
oo r(r)+l) r 
COROLLARY 10 . If I | q f ( q ) j conve rges , | q | < 1 , 
r - ~oo 
m i s a p o s i t i v e i n t e g e r , R£(a) > 1, R^(n-p) > 0 , | x | < 1 
then 
{ ^ . q l ^ " •q(-«y)jfCy)d(y;q) = K m > q [ x LqfX(y f ( y ) ) | , 
(6.12) 
and 
oo — m r—a 
COROLLARY 1 1 . I f I | q f ( q ) | conve rges , |q j < 1, 
r = - « 
m i s a p o s i t i v e i n t e g e r , R&(a) > 1, | x | < 1 , Rt(^-»f) > - 1 
then 
<» -n,a r P -) - a * ) t a c p P - a -> 
{ ^ . q ^ W - ^ J * ™ )d(y*'q) = ^.ql^q.X^ f(™ ])^ 
(6 .13) 
: 13C : 
R e s u l t s (6 .10-11) are due to M. Upadhyay [197] and 
(6 .12 -13 ) are due to M.A. Khan [ 6 7 ] . A l so , for m = 1 
( 6 . 1 2 - 1 3 ) reduce to cor responding r e s u l t s of R.P. Agarwal [ 5 ] , 
§ 7 . FURTHER TRANSFORMATIONS- This s e c t i o n dea l s fu r the r 
wi th t r a n s f o r m a t i o n s invo lv ing ( 2 . 1 ) and (2 .2 ) which are 
analogous to those ob ta ined by H. Kober [ 8 l ] for ordinary 
f r a c t i o n a l i n t e g r a l s and are g iven in the form of the fol lowing 
theorems: 
oo r(T}?v + ? 0 r =» r(t)7v+/\) r 
THEOREM 6 . If Z \q f (q ) | and Z \q <H a ) ! 
r=—oo r=—oo 
converge , jqj < 1 , Rt(\x) > 0 and | u z | < 1 , then 
f° x ^ ( ^ ) I [ ( a ) ; ( b ) ; ^ , w ; z , n ; n : f ( x ) ] d ( x ; q ) 
o " 
= / ° ° T f ( ^ ) I [ ( a ) ; ( b ) ; ^ , a ) ; z , n ; T i : ( j ) ( x ) ] d ( x ; q ) . ( "M) 
o q 
, -r(r)Pi + A - l ) r 
THEOREM 7 . I f Z jq f ( q ) | and 
r=-<» 
«• - r ( n A+ / \ - l ) X" 
£ | q (|>(q ) l converge,, | q| < 1 , RflXiO > 0 , 
r=-o» 
| u z | < 1 , then 
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/ H 4K^ )K [(ahCbh^a^z^jT^fCx^dCx^) 
o X X q 
1 wl> 
= / ^ f ( ^ ) K „ [ ( a ) ; ( b ) ; ^ , c * ; z f | i ; t » : * ( x ) ] d ( x ; q ) (7 .2) 
o q 
PARTICULAR CASES OF THEOREMS 6 AND 7 . 
Case 1 . Se t t i n g B = 0 , A = 1 , a = -<x+l, Pi = 1, \i = m, 
a - 1 
to = q in theorems 6 and 7 . Also p u t t i n g z = q in theorem 
6 and z = 1 in theorem 7 , we g e t 
oo r(ri+l) r « r ( i i+ l ) r 
COROLLARY 1 2 . I f £ | q f ( q ) | and Z |q <|>(q)| 
converge , jqj < 1 , m i s a p o s i t i v e i n t e g e r and R£(a) > 0 , 
then 
o o 
oo - r n r - a » - m r - a 
COROLLARY 1 3 . I f Z | q f (q ) | and Z | q <J)( q ) [ 
r=-oo r=-a» 
converge , |q j < 1 , m i s a p o s i t i v e i n t e g e r and Rj£( a) > 0 then 
o ^ o 
(7 .4) 
: 132 ; 
R e s u l t s ( 7 . 3 ) and ( 7 . 4 ) are due t o M.A. Khan [ 6 7 ] . F u r t h e r , 
for m = 1 , ( 7 . 3 ) and ( 7 . 4 ) r e s p e c t i v e l y reduce to the 
f o l l o w i n g : 
« r ( l + n ) r oo r(l+T}) r 
COROLLARY 14 . If E | q f ( q ) | and Z \q <K q ) 
r=~oo r=,~«o 
are convergent, R£(a) > 1 and j qj < 1 then for R£(n) > -1, 
we get 
/ kMb i / f ( x ) d ( x ; q ) = / i f ( I ) I ' 6(x)d(x;q) 
x x +,q x x ffq • • • • y / • O y 
oo r(a+T)) r <*> r(a+n) r 
COROLLARY 1 5 . If Z | q f ( q ) | and I | q 0 ( q ) 
r= -« r—-oo 
are conve rgen t , | qj < 1 and R^(a) > 1 then for Ri{r)) < 0 , we 
o b t a i n 
oo , , "H,a r oo •, •, T),a a 
) d ( x ; a ) 
( 7 . 6 ) 
/ ? * ( T ) K_'_ f (xq ) d ( x ; q ) « / i f ( ^ K ^ " ( t ) ( x q , " ) d ( x ; a ) 
0
 x x
 »M O ^ 
R e s u l t s (7 .5 ) and (7 .6 ) a r e q -ana logues of the r e s u l t s 
due t o H. Kober [81] . 
Case 2 . S e t t i n g ^ = n = u> = 1 i n theorems 6 and 7 , r e s u l t s 
( 7 . 1 ) and (7 .2 ) r e s p e c t i v e l y reduce to the fol lowing: 
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r(l-H)) r - r(l+tj) r 
COROLLARY 1 6 . I f I | q f ( q ) J and Z | q g(q ) 
r=—oo r=-oo 
are conve rgen t , | q| < 1 , | z | < 1 and Rtin) > - 1 then 
f~ k g ( ^ ) l J ( a ) * ( b ) ; z , T , : f ( x ) ] d ( x ; q ) « / " £ f ( £ ) I l ( a ) ; ( b ) ; z , 
o q o q 
T!:g(x)]d(x;q) (7.7) 
oo r(Ti+l) r oo r(i i+l) r 
COROLLARY 1 7 . I f E | q f (q ) | and Z |q §(q)\ 
r=—oo r=-oo 
are conve rgen t , | q| < 1 , | z | < 1, R£(T) ) > - 1 , then 
/ k k r ( a ) ; ( b ) ; z , T i : f ( x q ) ] d ( x ; a ) = / ±f (±)K [( a ) ; ( b ) ; z f 
o ^ o q 
Ti :g(xq) ]d(x ;q) (7 .8) 
In 1993, M.A. Khan [70] gave some more transformations 
of miscellaneous nature in the form of the following theorems: 
a-1 p-1 ( h) 
THEOREM 8. If f(x) = / x y A_i[( d r)*<» r-l ) ; X Y ^  
g( y) d( y; q) 
and \jl(x) = I [ ( a ) ; ( b ) ; ^ ,w;z ,^ ;T i : f (x ) ] , where h = q \ then 
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cc-1 
(1 -q ) ° 
»* z* 
x ^ y * 
T)+l+i(o-l) 
h * 
(a) ( d j 
T)+2+±(a-l) d(y;a) 
(7 .9 ) 
p rovided 
( i ) | q | < 1, | u z | < 1 , | x | < 1, R £ C M > 0 ; 
r ( l + 8 - n ^ - A - a ) r 
( i i ) Z jq g( q ) | i s convergent 
r=-oo 
and 
( i i i ) R£P\Y > R£(tl/\ + /^+ a-1) > 0 , where y = m i n ( d l f d ^ , . . d ) 
g(y) d(y;q) 
and ljj(x) = K [ ( a ) ; ( b ) ; ^ , w ; z , ^ ; n : f ( x ) ] , where h = q^ , then 
- J (h) 
THEOREM 9 . I f f ( x ) = f ^
 r $ r - i 
o x 
r 
( q / x ) oo R 
( l - q ) ° 
u>X z V 
q* yVxx 
n + l + ^ ( a - l ) 1 
(a) (<U 
(b ) 
i1+2+±(a-l) 
h A 
.
( e r - l> 
d(y;-} 
(7.10} 
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and 
( i i i ) Rt (y) > £ l ( i l + c ) > 0 , where y = m i n ( d 1 , d 2 , . . . , d r ) 
c . ( q ) . 
COROLLARY 1 9 . I f f ( x ) = / (*)
 r * r _ 1 [ ( d r ) ; ( e r _ 1 ) ^ ] g ( y ) d ( y ; q ) 
and ljl(x) = K [ ( a ) ; ( b ) ; z , T ] : f ( x ) ] , then 
( q / x ) oo c ( q ) 
* ( x ) .^.c / y g(y)4) 
(1-q ) ° 
z q 
y q/x 
n+c 
(a) ; ( d r ) 
n+c+1 
d(y;q) 
(7 .12) 
provided 
( i ) | q | < 1 , j z j < 1 , | x | < 1 , 
-rrj r 
( i i ) I | q g ( q ) | i s convergent 
and 
( i i i ) R £ ( Y ) > RO(TI+C) > 0 , where y = m i n ( d 1 , d 2 , . . . , d r ) 
R e s u l t s ( 7 . 1 1 ) and (7 .12) are due to M. Upadhyay [ 1 9 7 ] , 
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THEOREM 1 0 . I f <})(x,y) = I [( a ) ; ( b) ; ^ ; W ; Z , H ; T ) : [ l - x y q ] f ( x) ] 
^ - a 
and ljJ(x) = I [ ( a ) ; ( b ) ; ^ f u ; z , ^ ; T ) : h ( x ) ] then 
c , a -c c-1 ljj(x) = - % [ ] / y ( t ) (x ,y)d(y;o) 
( i - q ) q a , 1 o 
(7 .13) 
where 
t- c 1-c 
xq , q / x ; q 
x , q/x . 
f (x ) 
provided 
( i ) R(.(a) > RC(c) > 0 , | q | < 1, R t ( n ) > 0 , | u> z | < 1 and 
( i i ) the b a s i c i n t e g r a l s for $ ( x , y ) and l|l( x) converge 
a b s o l u t e l y . 
THEOREM 1 1 . I f <t)(x,y) - K [ ( a ) ; ( b ) ; 7 \ , u ; z t l i ; T i : [ l - y q / x ] f ( x ) ] 
q
 - a 
and 
4>(x) = K [ ( a ) ; ( b ) ; A , w ; z f | i ; T ) : h ( x ) ] then 
a
- ° t c „ c-1 
, J / y 4 ) (x ,y )d (y ;q ) 
( 1 - q ) q c , 1 o 
l|l(x) = — - % [ (7 .14) 
where 
h(x) = % 
1-c c 
x q , q / x ; q 
x q, 1/) 
f ( x ) , 
provided 
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X ^ ( i ) R&(«) > Ri(c) > 0 , jqj < 1 , R £ ( H ) > 0 , | u> z | < 1 and 
( i i ) the q - i n t e g r a l for (J)(x,y) and ljj(x) converge a b s o l u t e l y . 
PARTICULAR CASES OF THEOREMS 10 AND 1 1 . 
Case 1 . S e t t i n g / \ = w = 1 , p, = 1 in theorems 10 and 1 1 , 
we ob t a in 
a 
COROLLARY 2C . If <Kx,y) - I [( a ) ; ( b ) ;z,T]: [ l - x y q ] f ( x ) ] and 
- a 
4>(x) = I [ ( a ) ; ( b ) ; z , T j : h ( x ) ] t then 
l|l(x) = 
where 
1 
(1-q) q 
c , a -c 
a , 1 
ao C - l 
f y <|)(x,y)d(y;q) (7 .15) 
h(x) = % 
provided 
c 1-c 
x q , q / x ; q 
x, q/x 
f ( x ) , 
( i ) FU(a) > R£(c) > 0 , | z | < 1 , | q | < 1 and 
( i i ) the q - i n t e g r a l s for(J)(x fy) andljj(x) converge a b s o l u t e l y . 
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COROLLARY 2 1 . . I f <|>(x,y) = K [ ( a ) ; ( b) ; z , t i : [ l - y q / x ] f ( x) ] and 
" - a 
I|J( x) = K [ ( a ) ; ( b ) ; z , T j : h ( x ) ] then 
l|l(x) = it 
(1 -q ) q 
o-c, c 
a, 1 
a* C - l 
/ y 4>(x ,y )d (y ;q ) , 
o 
(7 .16) 
where 
h ( x ) = i i 
- 1-c c 
xq , q / x ; q 
xq , l / q 
f ( x ) , 
provided 
( i ) Rt(a) > R i (c ) > 0 , | z | < 1 , | q | < 1 and 
( i i ) the q - i n t e g r a l s for (j)(x,y) and l{j(x) converge a b s o l u t e l y . 
Case 2 . S e t t i n g B = 0 , A = 1 , a = -oc+1, ^ = l , n = m , w = q 
a -1 
in theorems 10 and 1 1 , a l s o t a k i n g z = q in theorem 10 and 
z = 1 in theorem 1 1 , we o b t a i n 
COROLLARY 2 2 . I f 4>(xfy) = I Ll -xyq J and m,q  7 M J 
'
M
 - a 
ljj(x) = I _ h ( x ) , then 
*
( x )
 =TI^7 * 
-J , a-? 
a , 1 
/ <t>(x,y)d(y;q) , 
o 
(7 .17) 
: 140 : 
where 
h( x) = % 
provided 
1 i-i 
x q » q / x ; q 
x » q /x 
f ( x ) , 
( i ) R( (a ) > R i t f ) > o , | Z | < i , j q | < lf 
i n t e g e r and 
"i is a posit ive 
( i i ) the b a s i c i n t e g r a l s for (j)(x,y) and l|l(
 x ) converge 
a b s o l u t e l y . 
COROLLARY 2 3 . I f t t x , / ) - K^'" [ l - y q ' / x ] f (x ) 
- a 
and 
*
(X) =
 C'q h(x) then 
*<x) = 
where 
1 
( 1 - q ) 
% 
a , 1 
I <t>(x,y)d(y;q) 
o (7 .18) 
h( x) = * 
provided 
r i -Y Y -
x q »q / x : 
xq , 1/x 
f (x) 
( i ) R i ( a ) > RUJ) > o , | Z | < 1 , | q | < 1 , m i 
i n t e g e r and 
s a positive 
(ii) the q-integrals for <|>(x,y) and ljj(
 x) converge absolutely. 
: 141 : 
Results (7.15) and (7.16) are due to M. Upadhyay [197] 
and (7.17) and (7.18) are due to M.A. Khan [67]. 
CHAPTER V 
SOME NEW FRACTIONAL DERIVATIVE FORMULAE 
&1. INTRODUCTION- This chapter contains some of the original 
research work done connecting fractional derivative operator and 
the hypergeometric functions of the type of orthogonal polynomi-
als. The results obtained are of the type of Rodrigues formulae 
for Legendre, Gegenbauer, Ultraspherical, Jacobi and Laguerre 
polynomials. 
In 1731 Euler extended the derivative formula 
" ( ^ . , ^
 x , ^  A-n F ( ^  +l) } -n Dz 2 } = AU-D...(A-n+l)z = — z 
(n = 0,1,2,...) 
to the general form: 
^C-M T g + l ) ^-u 
M 2 ]=T^rT~T7Tz <^> 
where \x is an arbitrary complex number. 
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In 1974, H.L. Manocha and B.L. Sharma [106] established 
the following formula for the fractional derivative of a 
product of two functions as a series of fractional derivatives 
of the individual functions: 
D* (UV) = I (*) Dx "n (U) D" (V) (1.2) 
n=o n 
where U and V are functions of x and ^ is any number, 
real or complex. 
The binomial coefficient rM is defined as 
<-i)nC-A)B 
(A) = (1.3) 
n
 nl 
Rodrigues formulae for Legendre's polynomials P (x), 
(<0,
 v (a,P) 
Laguerre polynomials L (x) and Jacob! polynomials P (x) 
are respectively given by 
1 n 2 n 
Pn ( x ) = ~75 D Cx -1) (1.4) 
n
 2 nl 
-a x 
(a) x e n -x n+a 
L (x) = D [e x ] (1.5) 
nl 
: 144 : 
-a -0 
(a,P),
 x (x-D (x+i) n n+a n+p 
P_ (x) = - D [(x-1) (x+1) ] (1.6) 
n n 
2 n 
§ 2. HYPERGEOMETRIC FUNCTIONS OF THE TYPE OF WELL KNOWN 
POLYNOMIALS. Here we introduce definitions of some 
hypergeometric functions analogous to the definitions of some 
well known orthogonal polynomials such as Laguerre, Jacobi, 
Legendre, Ultraspherical and Gegenbauer polynomials. 
(A) LAGUERRE TYPE FUNCTION- For an arbitrary real or complex 
number } \ the Laguerre type function is denoted by the symbol 
(a) 
Lr\ (x) and is defined as 
(a) 
A (x) " 
FU+a+;\) 
rU+a)FU+/\) 1
F1 
— ? \ i x 
1+a ; 
(2.1) 
(B) JACOBI TYPE FUNCTION- For an arbitrary real or complex 
number /\ the Jacobi type function is denoted by the symbol 
(a,p) 
P~ (x) and is defined as 
(ct.p) r U + a + A ) x+1* 
P
-x <x> = ^  ~ — < > 2 F 1 
— A ,-P-^ ; 
1+a ; 
x-1 
x+1 
(2.2) 
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As special cases of Jacobi type function are the 
Legendre type, Ultraspherical type and Gegenbauer type 
functions. 
(C) LEGENDRE TYPE FUNCTION- It is denoted by the symbol 
P-. (x) and is defined as 
P* (x) = (*±i)
 2F, 
- a . - * i 
i ; 
x-l 
x+1 (2.3) 
(D) ULTRASPHERICAL TYPE FUNCTION- I t i s denoted by the 
(a , a) 
symbol P^ (x) and i s def ined as 
( a , a ) 
\-*-J 2 1 
ra+arru+a) 
- ^ . - o - ^ i 
1+a 
x - l 
x+1 
( 2 . 4 ) 
(E) GEGENBAUER TYPE FUNCTION- It is denoted by the symbol 
V 
C. (x) and is defined by the following relation: 
A 
Cl (x) = 
r(2v+^)r(v+|) ( v i v i) 
r(2V)r(A+v+^) (x) (2.5) 
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We also need to define the following notation: 
(a) «-i- (2,6) 
where ?i i s any a r b i t r a r y r e a l or complex number. 
S3, RODRIGUES TYPE FORMULAE- The fol lowing i s t h e Rodr igues 
type f r a c t i o n a l d e r i v a t i v e formula fo r the Laguerre type 
(a ) 
func t ion L ^ ( x ) : 
- a x 
L - (x) « — D [e x J ( 3 . 1 ) 71
 ru+a > 
PROOF- The R.H.S. of ( 3 . 1 ) i s 
- a x 
x e 3 - x * + a 
•— D [e x J 
- a x 
x e «» \ !\ - n 7\ +a n -x 
2 (A) [D x ] D e using ( 1 . 2 ) 
F a - * * ) n=<> n 
n+a 2 n -x 
- a x 
. . . (-*)nU+«) x (-1) e 
I using (1.3) 
"PU+a ) n=o ( 1 + a^n 77-
n 
F ( l+o+A) ~ ( " ^ } n x 
• n 
£ us ing (2 .6 ) 
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T"(l+a+A) 
ru+A)ru+a> 1F1 
— A ; x 
1+a ; 
L y. (x) in view of (2.1) 
This completes the proof of (3.1). If ^  • n, a positive 
integer, (3.1) reduces to Rodrigues formula (1.5) for Laguerre 
polynomials. 
Similarly Rodrigues type fractional derivative formula 
for the Jacobi type function is as given below: 
-a -p 
(a,p) (x-1) (x+1) A 71 +a Pi +P 
P. (x) = -r D [(x-1) (x+1) ] 
* 2* Hi**) 
(3.2) 
PROOF- Using (1 .2) the R .H.S . of ( 3 .2 ) i s equal to 
- a - p 
(x-1) (x+1)
 A a - n ^ + a n ?\ +0 
I (*) D (x-1) D (x+i) 
* « _ . . _
 n = 0
 n 
2 r(l+7l) 
- a -P n+a ;\ -n+p (x-1) (x+1) - ^ ] " ( l + a + ^ ) ( x - l ) (x+1) 
Z ( 
271 Td+^) n=° n T"(i+«) (i+a)n d+P+ * L n 
: 148 : 
• H l + q + ? Q ( x + l ) 
2* "TU+TOTd+a) 
n 
- (-1) ( - * ) n ( - P - * ) n n 
n=o y\\ ( l + a ) n ( - D 
us ing ( 1 . 3 ) 
(*±±)A
 F 
\>
 2 ; 2 r i 
• * , - P - > ; 
l+a ; 
x -1 
x+1 
( a , P ) 
= P. (x) in view of ( 2 . 2 ) . 
Th i s completes the proof of ( 3 . 2 ) . For /\ = n, a p o s i t i v e 
i n t e g e r , ( 3 . 2 ) becomes Rodr igues formula (1 .6 ) for J a c o b i p o l y -
nomia l s . 
For {3 = a, (3 .2 ) r educes to t h e fol lowing Rodr igues 
type f r a c t i o n a l d e r i v a t i v e formula for U l t r a s p h e r i c a l type 
f u n c t i o n : 
( a , a) 
(x ) = 
2 - a 
(x - 1 ) 
2* ru+a) 
D [ ( x - 1 ) ] ( 3 . 3 ) 
For a = 0, (3 .3 ) r educes t o t h e fol lowing Rodrigues 
: 149 : 
type fractional derivative formula for Legendre type 
function: 
P^ (x) = D*[(x-1) ] (3.4) 
For /\ = n, a positive integer, (3.4) reduces to the 
Rodrigues formula (1.4) for Legendre polynomials. 
Now replacing a by V - 2 i n ( 3 * 3 ) a n d m a k i n<3 u s e 
of the relationship (2.5) we get the following Rodrigues type 
fractional derivative formula for Gegenbauer type function: 
2 - y 4 1 
C.(x) = •— ^ D " [ ( X - 1 ) ] 
2 r(2V)r(^ +^+ Irru+aj 
(3.5) 
The Rodrigues type fractional derivative formulae 
(3.1-5) are expected to be of great importance in the study of 
special functions and fractional calculus just like the genera-
lization of factorial to Gamma function has gained much impor-
tance due to its significant contributions in these and other 
related areas. 
BIBLIOGRAPHY 
[1] ABDI, W.H. 
[2] ABDI, W.H, 
[3] ABDI, W.H, 
[ 4 ] ABEL, N.H. 
[5] AGARWAL, R.P 
[6] AGARWAL, R.P 
[7] AGARWALr R.P 
On q-Laplace Transforms. Proc. Nat. 
Acad. Sci. India. 29, A (1960), 
pp. 389-408. 
Application of q-Laplace transform 
to the solution of certain q-Integral 
equations. Rend Circ. Mat. Palermo. 
11 (1962), pp. 1-13. 
On certain q-difference equations and 
q-Laplace transform. Proc. Nat. .Inst. 
Sci. India. 28, A (1962), pp. 1-15. 
Solution de quelques problemes a •1* 
aide d1 integrals definies.' Oeuvres 
completes. Vol. 1, pp. 16-18. 
Grondahl, Christiana, Norway, 1881. 
This paper f i rs t appeared in Mag. 
Naturvidenkaberne (1823). 
Certain fractional q-integrals and 
q-derivatives. Proc. Camb. Phil . Spc., 
66 (1969), pp. 365-370. 
Fractional q-derivatives and q-integrals 
and certain hypergeometrie transforma-
tions. Ganita. Vol. 27 (1976), pp.25-32. 
Generalized basic hype rgeome trie series 
with unconnected bases. Proc. Camb. 
Phil. Soc. 63 (1967), pp. 727-734. 
: 151 : 
: Genera l i zed b a s i c hypergeometrie s e r i e s 
wi th unconnected bases ( I I ) . P r o c . Camb. 
P h i l . S o c , v o l . 18 , no. 70 ( 1 9 6 7 ) , 
pp .181-192 . 
[9 ] AL-BASSAM, M.A. : Some p r o p e r t i e s of Holongren-Riesz 
t r ans fo rm. Aun. D i l l a Scuola Norm. 
Sup, d i p i s a , s e r i e s I I I v o l . XV I - I I 
( 1 9 6 1 ) , p p . 1-24. 
[10] AL-BASSAM, M.A. : Some p r o p e r t i e s of Holongren-Riesz 
t ransform in two dimensions . Aun. 
d e l l a scuo la Norm sup, di p i s a . I l l , 
v o l . XVI I ( 1 9 6 2 ) , pp . 75-90 . 
[ l l ] AL-BASSAM, M.A. : On f r a c t i o n a l a n a l y s i s and i t s 
a p p l i c a t i o n . Modern Analys is and 
i t s a p p l i c a t i o n . P r e n t i c e Ha l l of 
I n d i a , New D e l h i (1986) , pp . 269-307 . 
[12] AL-BASSAM, M.A. : A p p l i c a t i o n of f r a c t i o n a l c a l c u l u s 
to d i f f e r e n t i a l equa t ion of Hermi tes 
t y p e . I n d i a n J . Pure and Appl . Math . , 
16 (1985) n o . 9 , p p . 1009-1016. 
[ l 3 j AL-BASSAM, M.A. : On f r a c t i o n a l c a l c u l u s and i t s 
a p p l i c a t i o n to t h e theory of o r d i n a r y 
d i f f e r e n t i a l e q u a t i o n of g e n e r a l i z e d 
o r d e r . N o n - l i n e a r a n a l y s i s and a p p l i -
c a t i o n s ( S t . Johns N.f . L t d . ( 1 9 8 1 ) , 
p p . 305-331 , L e c t u r e Notes in pure and 
appl ied Math . 80 Dekker, Newyork, 1982. 
[8 ] AGARWAL, R . P . 
AND 
VERMA, A. 
: 152 : 
[14] AL-BASSAM, M.A. : An a p p l i c a t i o n of f r a c t i o n a l c a l c u l u s 
to d i f f e r e n t i a l e q u a t i o n of s p e c i a l 
f u n c t i o n . RAMAMUJAN I n t e r n a t i o n a l 
symposium on a n a l y s i s , Pune ( 1 9 8 2 ) , 
p p . 2 4 1 - 2 7 5 , Mc M i l l a n of I n d i a , 
New D e l h i , 1 9 8 9 . 
[15] AL-BASSAM, M.A. : On f r a c t i o n a l o p e r a t o r e q u a t i o n and 
s o l u t i o n of a c l a s s of t h i r d o r d e r 
D i f f e r e n t i a l E q u a t i o n s . B o l l . Un. Ma t . 
I t a l . . B (7) 4 ( 1 9 9 0 ) , n o . 4 , 
p p . 7 2 1 - 7 4 9 . 
[16] AL-SALAM, W.A. : q -Ana logues of Cauchy*s F o r m u l a s . 
P r o c . Amer. M a t h . S o c . t v o l . 1 7 , No .3 
( 1 9 6 6 ) , p p . 6 1 6 - 6 2 1 . 
[17] AL-SALAM, W.A. : Some f r a c t i o n a l q - i n t e g r a l s and 
q - d e r i v a t i v e s . P r o c . E d i n . M a t h . S o c , 
15 ( 1 9 6 6 ) , p p . 1 3 5 - 1 4 0 . 
Remarks on F r a c t i o n a l q - I n t e g r a t i o n . 
B u l l e t i n de l a s o c i e t e d e s S c i e n c e s 
d e s L i e g e . 44 ( 1 9 7 5 ) , p p . 6 0 - 6 7 . 
A f r a c t i o n a l L e i b n i z q - f o r m u l a . 
P a c i f i c J o u r n a l of M a t h e m a t i c s , 
v o l . 6 0 , n o . 2 ( 1 9 7 5 ) , p p . 1 - 9 . 
: On a c l a s s of a n a l y t i c and M u l t i v a l e n t 
f u n c t i o n s i n v o l v i n g f r a c t i o n a l 
c a l c u l u s . J . F r a c t i o n a l C a l c u l u s . 
V - 4 , ( 1 9 9 3 ) . 
[18] AL-SALAM, W.A. 
AND 
VERMA, A. 
[19 ] AL-SALAM, W.A. 
AND 
VERMA, A. 
120] AOUF, M.K. 
AND 
DARWISH, H . E . 
: 153 : 
[21] BAILEY, W.N. Genera l i zed Hypergeometric s e r i e s . 
Cambridge Math. T r a c t . No. 32 
Cambridge U n i v e r s i t y P r e s s , Cambridge 
( 1 9 3 5 ) . Rep r in t ed by S t e c h e r t Hafuer , 
New York ( 1 9 6 4 ) . 
[22] BURCHNALL, J .L , 
AND 
CHAUNDY, T.W. 
[23] BUSCHMAN, R.G. 
[24] CENTER, W. 
[25] CENTER, W. 
[26] CENTER, W. 
[27] 
[28] 
: Expansion of A p p e l l ' s double hyper -
geomet r ic f u n c t i o n s . Q u a r t . J . Math. 
Oxford s e r . , 11 (1940) , p p . 249-270. 
: F r a c t i o n a l I n t e g r a t i o n . Math. J a p o n . , 
9 ( 1 9 6 4 ) . 
: On d i f f e r e n t i a t i o n with F r a c t i o n a l 
I n d i c e s , and on genera l d i f f e r e n t i a -
t i o n . Cambridge and Dublin Math. J . , 
3 ( 1 8 4 8 ) , pp . 274-285. 
: On F r a c t i o n a l D i f f e r e n t i a t i o n . 
Cambridge and Dublin Math. J . . 
4 ( 1 8 4 9 ) , p p . 21 -26 . 
: On F r a c t i o n a l D i f f e r e n t i a t i o n . 
Cambridge and Dublin Math. J . . 5 
( 1 8 5 0 ) , p p . 206-217 . 
CHANDEL, R . C . S . : F r a c t i o n a l d e r i v a t i v e of c o n f l u e n t 
AND 
VISHWAKARMA, P.K. hypergeometr ic forms of Karl s o n ' s 
M u l t i p l e Hypergeometric F u n c t i o n . 
Pure Appl . Math . S c i . . 35 ( 1 9 9 2 ) , 
no. 1-2, pp. 3 1 - 3 9 . 
CONLAN, J . 
AND 
KDH, E .L . 
A f r a c t i o n a l d i f f e r e n t i a t i o n theorem 
f o r the Laplace t ransform. Canad. Math* 
B u l l . 18 ( 1 9 7 5 ) , no . 4 , p p . 605-606. 
: 154 : 
[29] DAVIS, H.T. : F r a c t i o n a l O p e r a t i o n s as Applied to 
a c l a s s of Vol t e r r a I n t e g r a l E q u a t i o n s . 
American J o u r n a l of Mathemat ics , v o l . 
XLVI ( 1 9 2 4 ) , p p . 95-109 . 
[30] DAVIS, H.T. : The a p p l i c a t i o n of f r a c t i o n a l 
o p e r a t o r s to f u n c t i o n a l e q u a t i o n s . 
American J . of Mathemat ics . 49 ( 1 9 2 7 ) , 
pp. 123-142. 
: On g e n e r a l i z e d D e r i v a t i v e s . P i Mu 
£ p s i l o n J o u r n a l , v o l . 5 ( 1 9 7 1 ) , M.D. 5 , 
pp . 217-220, E a s t Caro t ina U n i v e r s i t y . 
[32] DE MORGAN, A. : The D i f f e r e n t i a l and I n t e g r a l Ca lcu lus 
Combining D i f f e r e n t i a t i o n , I n t e g r a t i o n , 
Development, D i f f e r e n t i a l E q u a t i o n s , 
D i f f e r ences , Summation, Ca lcu lus of 
V a r i a t i o n s . . . w i th A p p l i c a t i o n s to 
Algebra, Plane and So l id Geometry and 
Mechanics . Baldwin and Cradock, 
London ( 1 8 4 2 ) . 
[33] DENIS, R.Y. : A note on f r a c t i o n a l q - d e r i v a t i v e and 
Cayley - Orr I d e n t i t e s . P r o q r . Math. 
( V a r a n a s i ) , 19 ( 1 9 8 5 ) , no . 1-2 , 
P a r t I , pp . 3 9 - 4 3 . 
[34] DENIS, R.Y. : On c e r t a i n expans ions of bas ic hyper-
geometric f u n c t i o n s and q - f r a c t i o n a l 
d e r i v a t i v e s . G a n i t a . v o l . 38, No. 2 
(1987) , pp . 9 1 - 1 0 0 . 
[31] DE3NATH, L. 
AND 
SPEIGHT, T .E . 
: 155 : 
[35] 
[36] 
[37] 
DENIS, R.Y. 
AND 
PATHAN, M.A. 
DEORA, Y. 
AND 
BANERJI, P.K. 
DIMOVSKI, I . H . 
AND 
KIRYAMDVA, V.S, 
[38] ERDELYI, A, 
[39] ERDELYI, A. 
On c e r t a i n q-Polynomials and 
q - f r a c t i o n a l d e r i v a t i v e . J . N a t . 
Acad. Math*, v o l . 8 (1990 ) , 
p p . 7 9 - 8 3 . 
x 
Double D i r i c h l e t average of C us ing 
f r a c t i o n a l d e r i v a t i v e s . J . F r a c t i o n a l 
C a l c u l u s , V-3 (1993) . 
G e n e r a l i z e d Poisson r e p r e s e n t a t i o n s 
of hypergeometr ic func t ion JFQ» P<q 
us ing F r a c t i o n a l I n t e g r a l s . 
Mathematics and Mathematics Educa t ions* 
Sunny Beach C.R. Acad. B u l g a r i a (1987 ) , 
p p . 205-212. 
Transformat ion of hyper geometr ic 
I n t e g r a l s by mean of f r a c t i o n a l 
i n t e g r a t i o n by P a r t s . Quar t . J . Math. 
(Oxford) 10 (1939 ) , pp. 176-189 . 
On f r a c t i o n a l I n t e g r a t i o n and i t s 
a p p l i c a t i o n to the theory of Hankel 
t r a n s f o r m s . Quar t . J . Math. (Oxford) 
11 ( 1 9 4 0 ) , p p . 293-303. 
[40] ERDELYI, A, 
[41] ERDELYI, A, 
: A c l a s s of hypergeometr ic t r a n s f o r m s . 
J . London. Math. S 0 c . 15 ( 1 9 4 0 ) , 
p p . 209-212 . 
: On some f u n c t i o n a l t r a n s f o r m a t i o n s . 
Un iv . e P o l i t e c n i c o Torino Rend. Mat . , 
10 ( 1 9 5 1 ) , pp . 217-234. 
: 156 : 
[42] ERDHLYI, A. 
[43] ERDELYI, A. 
[44] ERDELYI, A. 
[45] ERDELYI, A. 
[46] ERDELYI, A. 
AND 
KDBER, H. 
: Tables of I n t e g r a l t r ans fo rms , 2 v o l s . 
Mc G r a w - H i l l , New York ( 1 9 5 4 ) . 
: Ax ia l ly symmetric p o t e n t i a l s and 
f r a c t i o n a l i n t e g r a t i o n 'SIAM. J . Appl . 
Math. 13 ( 1 9 6 5 ) , p p . 215 . 
: An a p p l i c a t i o n of f r a c t i o n a l i n t e g r a l s 
J . d' Analyse Math. 14 ( 1 9 6 5 ) , 
pp. 113-126. 
: F r a c t i o n a l i n t e g r a l s of g e n e r a l i z e d 
f u n c t i o n s . J . A u s t r a l . Math. 5 o c . , 
14 ( 1 9 7 2 ) , p p . 30 -37 . 
: Some remarks on Hankel t r a n s f o r m s . 
Quart . J . Math . (Oxford) , 11 ( 1 9 4 0 ) , 
pp. 212 . 
[47] ERDELYI, A . , : Higher t r a n s c e x d e n t a l func t ion 
O ^ E ^ T T ^ G S R , F . V 0 l u m e * ' N e W Y 0 X k ' MC G r a W H i 1 1 
AND (1953) . 
TRICOMI, F .G. 
[48] ERDELYI, A . , : Tables of i n t e g r a l t r a n s f o r m s . 
O ^ E ^ T r a G S R , F . , V o 1 - n P * 1 8 1 Mc G r a w H i l l t New York, 
AND (1954) . 
TRICOMI, F .G. 
[49] 
[50] 
ERDELYI, A . , 
McBRIDE, A.C. 
ERDELYI, A . , 
AND 
SNEDDON, I . N . 
: F r a c t i o n a l I n t e g r a l s of d i s t r i b u t i o n s 
SIAM J . Math. Ana l . 1 (1970) , 
pp . 547-557 . 
: F r a c t i o n a l I n t e g r a t i o n and dual 
i n t e g r a l e q u a t i o n s . Canad. J . M a t h . , 
14 ( 1 9 6 2 ) , p p . 6 8 5 . 
: 157 : 
[51] EXTON, H. 
[52] GAER, M.C. 
AND 
RUBEL, L.A. 
[53] GALUE, L.t 
KALLA, S.L. 
AND 
NISHIMOTO, K. 
[54] GASPER, G. 
AND 
RAHMAN, M. 
[55] GRENNESS, M. 
AND 
OLDHAM, K.B. 
[56] GRIN'KO, A.P. 
AND 
KILBAS, A.A. 
[57 ] GRUM, W . J . 
•AND 
DEBNATH, L. 
[ 5 8 ] GUPTA, R. 
: q-Hypergeometric Functions and 
Appl ica t ions . E l l i s Horwood Limited 
Halsted P r e s s , a d iv is ion of JOHN WILEY 
and SONS, New York, (1983). 
: The F rac t i ona l der iva t ive via e n t i r e 
functions1 J . Math. Anal. Appl. 34 
(1971), pp. 289. 
: Application of f rac t iona l ca lcu lus to 
In f in i t e sums. J . Fract ional ca l cu lus , 
1 (1992), pp. 17-21 . 
: Basic Hypergeometric Ser ies . 
Cambridge Unive r s i ty Press (1990) . 
: Serai-integral e l ec t roana lys i s theory, 
and v e r i f i c a t i o n Anal. Chem. 44, (1972), 
pp. 1121. 
: On composition of generalized f r a c -
t ional I n t e g r a l s . J . Math. Res. 
Exposit ion, 11 (1991), no. 2, 
pp. 165-171. 
: The f r a c t i o n a l ca lculus and i t s ro le 
in the syn thes i s of special function I I . 
In ternal J . Math. Edu. Sc i . Tech. (19) 
(1988), no. 3 , pp. 347-362. 
: Fract ional I n t e g r a l Operators and a 
general c l a s s of polynomials. 
Indian J . Maths . , 32 (1990), no. 1, 
pp. 69-77. 
: 158 : 
[59] HAHN, W. 
[60] HAHN, W, 
[6 l J HAHN, W. 
[62] JACKSON, F.H. 
[63] KALLA, S.L. 
AND 
ROSS, B. 
[64] KALLA, S.L. 
AND 
KIRYAKOVA, V . S . 
[65] KANT, S . 
.AND 
KOUL, C.L. 
: Uber o r t h o g o n a l e Polynome, d ie 
q-Differenzengleichungen genugen. 
Mathematische Nachrichten. 2 (1949), 
pp. 4-34. 
: Beitrage zur theorie der Heineschen 
Riehen, Die 24 Integrale der hyper-
geometrischen q-differenzengleichung, 
Das q-Analogen der Laplace Transfor-
mation. Math. Nachr.. 2 (1949), 
pp. 340-379. 
: Uber die hoheren Heineschen re ihen 
und eine e i n h e i t l i c h e theorie der 
sogenannten spezie l len funktionen. 
Math. Nachr. . 3 (1950), pp. 257-294. 
: q-Form of Tay lo r ' s theorem. 
Messenger of Mathematics. 39 (1909), 
pp. 62-64. 
: The Development of functional 
r e l a t i o n s by means of f r ac t iona l 
ope ra to r s . Frac t iona l Calculus . 
Pitman, London (1985). 
: An H-function generalized f r a c t i o n a l 
calculus based upon compositions of 
Erdeiyi-Kober operators in L . 
Math. Japon. . 35 (1990), no. 6, 
pp. 1151-1171. 
: On f r ac t i ona l In tegra l ope ra to r s . 
J . Indian Math. S o c , 56 (1991), 
no. 1-4, pp. 97-107. 
: 159 : 
[66] KHAN, M.A. 
[67] KHAN, M.A« 
[68] KHAN, M.A. 
[69] KHAN, M.A. 
[70] KHAN, M.A, 
[71] 
[72] 
KHAN, M.A. 
AND 
KHAN, A.H. 
KHAN, A.H, 
.AND 
KHAN, M.A, 
[73] KIRYAKOVA, V.S. 
: C e r t a i n f r a c t i o n a l q - i n t e g r a l s and 
q - d e r i v a t i v e . G a n i t a . Vo l . 2 4 , 
No. 1 ( 1 9 7 3 ) , p p . 8 3 - 9 3 . 
: C e r t a i n f r a c t i o n a l q - i n t e g r a l s and 
q - d e r i v a t i v e s Nanta Mathemat ica , 
Vol . 7 , No. 1 , ( 1974 ) , pp . 5 2 - 6 0 . 
; On g e n e r a l i z e d f r a c t i o n a l q - i n t e g r a l s . 
Mathematica B a l k a n i c a , New S e r i e s , 
Vol. 6 , F a s c . 2 ( 1 9 9 2 ) , pp . 155 -163 . 
: Trans fo rmat ions of g e n e r a l i z e d 
f r a c t i o n a l q - i n t e g r a l s . I . Mathematica 
Ba lkan ica , New S e r i e s , V o l . 6, F a s c . 
4 (1992) , p p . 305-312. 
: On c e r t a i n t r a n s f o r m a t i o n s of 
g e n e r a l i z e d f r a c t i o n a l q - i n t e g r a l s , 
I I , Mathematica Ba lkan i ca , New S e r i e s , 
Vo l . 7 , F a s c . 1 (1993 ) , pp . 1-7. 
: F r a c t i o n a l q - i n t e g r a t i o n and i n t e g r a l 
r e p r e s e n t a t i o n of ' b i b a s i c ' double 
hypergeometr ie s e r i e s of h ighe r o rder 
Acta. Math. Vietnam 1 1 . ( 1 9 8 6 ) , no . 2 , 
pp . 234-240. 
: A study of c e r t a i n b i b a s i c ' f r a c t i o n a l 
i n t e g r a l o p e r a t o r s ' P u r e . Appl ied Math, 
S c i . , 3 1 , ( 1 9 9 0 ) , no . 1-2, pp . 143-153 . 
: Mu l t i p l e E rde ly i -Kobe r F r a c t i o n a l 
d i f f e r i n t e g r a l s and t h e i r use in Uni -
va l en t s t a r l i k e and convex f u n c t i o n 
t h e o r y . Annual of the U n i v e r s i t y of 
Sofia (1987) , p p . 8 1 . 
: 160 : 
[74] KIRYAKDVA, V.S. 
[75] KIRYAKDVA, V.S, 
[76] KIRYAKDVA, V.S, 
[77] KIRYAKDVA, V.S^. 
[78] KIRYAKDVA, V.S, 
[79] KIRYAKDVA, V.S, 
General ized f r a c t i o n a l d e r i v a t i v e 
r e p r e s e n t a t i o n of hype geometr ic 
funct ion _F wi th P < q. Mathematics p q ^ 
and Mathematical Education C.R. Acad. 
Bulgar ia ( 1 9 8 7 ) , p p . 228-235. 
A g e n e r a l i z e d f r a c t i o n a l c a l c u l u s and 
i n t e g r a l t r a n s f o r m . G e n e r a l i z e d func . 
conven. S t r u c t u r e s and o t h e r a p p l i . 
Dubrovnik 1987, p p . 205-217, Plenum. 
New York. London. 
General ized f r a c t i o n a l i n t e g r a l and 
f r a c t i o n a l d e r i v a t i v e r e p r e s e n t a t i o n 
of hyper -geomet r i c func t ion F for 
p q 
P = q or P = P + l , C.R. Academic B u l g a r i a 
(1987) , pp . 260-269 . 
A gene ra l i z ed f r a c t i o n a l c a l c u l u s and 
i n t e g r a l t r a n s f o r m s . P r o c . Conf. GFCA, 
Dubrovnik' 1987 (Plenum P u b l . C o . , 
New York); 1988; 205; 217. 
Convolution of Erde ly i -Kober f r a c t i o n a l 
i n t e g r a l s . P r o c . Conf. Complex Ana l . 
and App l . . Varna 1987; 1989; 2 7 3 ; 2 8 3 . 
On a c l a s s of g e n e r a l i z e d o p e r a t o r of 
f r a c t i o n a l i n t e g r a t i o n . P r o c . J u b i l e e 
Sess ion Devoted t o Acad. Chakalov. 
Samokov, 1986; 1990; 79; 87 . 
: 161 : 
[80] KIRYAKDVA, V.S, 
[81] KDBER, H. 
[82] KOBER, H. 
[83] K08£R, H. 
[84] LACROX, S . F . 
[85] LAGRANGE, J .L , 
: Po i s son and Rodr igus type f r a c t i o n 
d i f f e r e n t i a l formulas for the gene ra -
l i z e d hypergeometr ic f u n c t i o n F . 
p q 
A t t i Sem. Mat. F i s . Univ . Modena, 39 
(1991 ) , no. 2 , pp . 557-568 . 
: On f r a c t i o n a l i n t e g r a l s and d e r i v a t i v e s 
Quar t . J . Math. (Oxfo rd ) . 11 ( 1 9 4 0 ) , 
p p . 193-211 . 
: On d i r i c h l e t s s i n g u l a r i n t e g r a l and 
F o u r i e r t r a n s f o r m s . Qua r t . J . Math. 
(Oxford) , 12 ( 1 9 4 1 ) , pp . 7 8 . 
: On a theorem of schur and on f r a c t i o n a l 
i n t e g r a l s of p u r e l y imaginary o r d e r . 
T rans . Amer. Math. S o c . 50 (1941 ) , 
p p . 160-174. 
: T r a i t e du Calcul D i f f e r e n t i a l e t du 
Calcul I n t e g r a l , P a r i s : Mme Ve C o u r c i e r , 
1819, Tome Tro i s i eme , seconde e d i t i o n s 
p p . 404-410. 
: Sur Une nouvel le espece de c a l c u l 
r e l a t i f a l a d i f f e r e n t i a t i o n e t a 
' l 1 i n t e g r a t i o n des q u a n t i t i e s v a r i a b l e s . 
Oeuvres de Lagrange , V o l . 3 , 
pp . 441-476. G a u t h i e r - V i l l a r s , P a r i s , 
1849. F i r s t appeared in Nouv. Mem. 
Acad. Roy. S c i . B e l l e s - L e t t , B e r l i n 3 
(1772) , pp . 185-206. 
: 162 : 
[86] LAMB, W. 
[87] LAMB, W. 
AND 
McBRlDE, A.C. 
[88] LAVOIE, J . L . , 
OSLER, T . J . 
AND 
TREMBLAY, R. 
[89] LAVOIE, J . L . , 
OSLER, T . J . 
AND 
TREMBLAY 
[90] LEIBNITZ, G.W, 
[91] LIOUVILLE, J . 
[92] LIOUVILLE, J, 
[93] LOVE!, E.R. 
: Frac t iona l ca l cu lus via the f r ac t i ona l 
power of o p e r a t o r s . Glasgow Math. J . 
(1984), p p . 49-62. 
: On r e l a t i n g two approaches to f r a c -
t ional Ca lcu lus . J . Math. Anal.Appl. , 
132 (1988), no. 2 , pp. 590-610. 
: Frac t iona l d e r i v a t i v e s and spec ia l 
function. SIAM Rev.. 18 (1976), No.2, 
pp. 40-268. 
: Fundamental p rope r t i e s of f r ac t iona l 
der iva t ives via-Pochhaminer i n t e g r a l s . 
Frac t ional ca lcu lus and i t s app l i ca -
t i ons . P roc . I n t e r n a t . Conf. Univ. 
(1974), pp. 323-356. 
: Le ibn i tzen ' s Mathematische Schr i f ten , 
Hildesheim, Germany: George 01m, 1962, 
V. 2, pp . 301-302. 
: Memoire sur l e quelques Questions de 
Geometrie e t de Mecanique e t sur un 
nouveau geure de calcul pour resoudre 
ces Quest ions . J . de 1' Ecole Poly-
technique 13 (1832) , pp. 1-69. 
: Sur le ca l cu l des d i f f e r e n t i e l l e s a 
indices quelconques. Journale de 1' 
Ecole Polytechnioue Ser 1, 21 (1832), 
71-161. 
: Fract ional d e r i v a t i v e s of imaginary 
order. J . London Math. Spc. ( 2 ) , 
3 (1971), pp. 241-259. 
: 163 : 
[94] LOVE, E.R. 
[95] LOVE, E.R. 
[96] LOVE, E .R . . 
AND 
YOUNG, L.C. 
[97] LOWNDES, J . S . 
[98] LOY/NDES, J . S . 
[99 ] LOWNDES, J . S . 
[100] MANOCHA, H.L. 
[101] MANOCHA, H.L. 
To index law fo r f r a c t i o n a l i n t e g r a l s 
and d e r i v a t i v e s . J . A u s t r a l Math. Spc. 
14 (1972 ) , pp . 385-410. 
F r a c t i o n a l d e r i v a t i v e s of imaginary 
o r d e r . The J o u r n a l of t h e London 
Mathematical S o c , Volume I I I , 1971 
p p . 241-259. 
On f r a c t i o n a l i n t e g r a t i o n by P a r t s 
P r o c . London Math. S o c . (2) 44 
( 1 9 3 8 ) , pp. 1-35. 
A g e n e r a l i s a t i o n of the E r d e l y i Kober 
o p e r a t o r s . P r o c . Edinburgh Math. Soc. 
( 2 ) , 17 (1970) , p p . 139-148. 
On two new o p e r a t o r of f r a c t i o n a l 
i n t e g r a t i o n . Glasgow Math. J . , 
( 1 9 8 4 ) , p p . 8 7 - 8 8 . 
On some f r a c t i o n a l i n t e g r a l s and 
t h e i r a p p l i c a t i o n s . P r o c . Edinburgh 
Math. Soc. 2 , 28 ( 1 9 8 5 ) , no . 1 , 
p p . 97-105 . 
Transformat ion of I n t e g r a l e x p r e s s i o n 
for F 4 by means of f r a c t i o n a l I n t e g r a -
t i o n by p a r t s . B u l l . Math, de l a 
Soc. S c i . Math, de l a R . S . de Reumanie. 
Tome 9 ( 5 7 ) , n r . 4 (1965) . 
Some formulae invo lv ing A p p e l l ' s 
f u n c t i o n F2* Mathematica (Cluj) , 
v o l . 9 ( 3 2 ) , 1 (1967 ) , p p . 8 5 - 8 9 . 
: 164 : 
[102] MANOCHA, H.L. : Some e x p a n s i o n s by f r a c t i o n a l 
d e r i v a t i v e s . Mathematica (C lu i )« 
v o l . 9 ( 3 2 ) , 2 (1967) , pp . 303-309 . 
Summation of I n f i n i t e S e r i e s . The 
J o u r n a l of A u s t r a l i a n Math. S o c . , 
Vo l . V I , P a r t 4 , (1966) , pp . 470-476 . 
: I n f i n i t e s e r i e s of hypergeometrie 
f u n c t i o n . Aun. Soc. Sc i . B r u x e l l e s 
S e r . I 80 ( 1 9 6 6 ) , pp . 73-86 . 
: Some formulae by means of f r a c t i o n a l 
d e r i v a t i v e s . Comp. Mathematica, V o l . 1 8 , 
F a s c . 3 ( 1 9 6 7 ) , pp . 229-234. 
: F r a c t i o n a l d e r i v a t i v e and summations. 
J . Ind ian Math. S o c , (N.S.) 38 ( 1 9 7 4 ) , 
no . 1 , 2 , 3 , 4 , p p . 371-382, ( 1 9 7 9 ) . 
[107] McBRIDH, A.C. : A theory of f r a c t i o n a l i n t e g r a t i o n fo r 
g e n e r a l i s e d f u n c t i o n s with a p p l i c a t i o n s . 
U n i v e r s i t y of Edinburgh, Ph.D. Thes i s 
(1971) . 
[108] McBRIDE, A.C. : A note on the space F ' . P r o c . Royal 
S o c Ed inburgh . 77 A (1977) , p p . 39 -47 . 
[109] McBRIDE, A.C. : A theory of f r a c t i o n a l i n t e g r a t i o n for 
g e n e r a l i s e d f u n c t i o n s I I . P r o c . Royal 
Soc. Ed inburgh . 77 A (1977) , p p . 335-349. 
[110] McBRIDE, A.C. : The Hankel t r ans fo rm of some c l a s s e s 
of g e n e r a l i z e d func t ion and connec t i ons 
with f r a c t i o n a l i n t e g r a t i o n . P r o c . 
Roval Soc. Ed inburgh . 81 (1978 ) , 
pp . 95-117 . 
[103] MANOCHA, H.L. 
AND 
SHARMA, B.L. 
104] MANOCHA, H.L. 
AND 
SHARMA, B.L. 
[105] MANOCHA, H.L. 
AND 
SHARMA, B.L. 
[106] MANOCHA, H.L. 
AND 
SHARMA, B.L. 
: 165 : 
[112] McBRIDE, A.C. 
[113] McBRIDE, A.C. 
[ i l l ] McBRIDE, A.C. : F r a c t i o n a l Ca lcu lus and i n t e g r a l 
t r ans fo rms of g e n e r a l i s e d f u n c t i o n s . 
- (Resea rch no tes in ma themat i c s ; 31) . 
PITMAN PUBLISHING CO., LONDON ( 1 9 7 9 ) . 
A note on the index law of f r a c t i o n a l 
c a l c u l u s . J . A u s t r a l i a n Math. S e r . . 
A 34 ( 1 9 8 3 ) , n o . 3 , pp . 356 -363 . 
A M e l l i n t ransform approach to f r a c -
t i o n a l c a l c u l u s on ( 0 , » ) . Glasgow 
Math. J . . 1984, p p . 99 -139 . 
A p p l i c a t i o n of f r a c t i o n a l d e r i v a t i v e 
o p e r a t o r s of Rodrigues type of formulae 
for polynomial s e t s . Math. B a l k a n i c a , 
3 ( 1 9 7 3 ) , pp. 358-362. 
On the f r a c t i o n a l d i f f e r e n t i a l o p e r a t o r . 
G a n i t a . 26 (1975) , no . 2 , pp . 1 -18 . 
: On the r e c e n t t r ends in the development 
theory arid a p p l i c a t i o n of f r a c t i o n a l 
c a l c u l u s . P r o c . I n t e r n a t i o n a l Conf. 
U n i v . . New Heaven ( 1 9 7 4 ) , pp . 357-375 . 
[117] MIKUSINSKI, J . : O p e r a t i o n a l C a l c u l u s . Pergamon P r e s s , 
London ( 1 9 5 9 ) . 
[114] MISRA,.A.B.. 
[115] MISRA, A .P . 
[116] MIKDLAS, M. 
[118] MIKUSINSKI, J . ; Remarks on the a l g e b r a i c d e r i v a t i v e 
in the o p e r a t i o n a l c a l c u l u s . S t u d i a 
Math . , 19 (1960) , pp . 187-192. 
: 166 : 
[119] MILLER, K.S . : The Weyl f r a c t i o n a l c a l c u l u s . 
P r o c . I n t e r n a t . Conf. Univ . New Heaven 
( 1 9 7 4 ) , pp . 80-89 in Lec tu re n o t e s 
no . 4 5 7 . 
[120] NEKRAS50V, P .A. : Ueber l i n e a r D i f f e r e n t i a l g e i c h u n g e n 
weche m i t t e l s t bestimmter I n t e g r a l e 
i n t e g r i e t werden. Mat. Aun. t 38 ( 1 8 9 1 ) , 
p p . 508-560 . 
[121] NEKRASSON, P .A. : Gene ra l i z ed d i f f e r e n t i a t i o n . Mat . S b . . 
14 ( 1 9 8 8 ) , p p . 45-168. 
[122] NISHIMOTO, K. 
[123] NISHIMOTO, K. 
[124] NISHIMOTO, K. 
[125] NISHIMOTO, K. 
N i s h i m i t o ' s f r a c t i o n a l d i f f e r i n t e g r a -
t i o n and s o l u t i o n of Legend re ' s d i f f -
e r e n t i a l e q u a t i o n . J . Col lege of Enqq. 
Nihon U n i v e r s i t y . S e r . B 17 ( 1 9 7 6 ) , 
p p . 2 1 - 2 5 . 
Some comments a g a i n s t the rev iew for 
the p a p e r s . F r a c t i o n a l d e r i v a t i v e s 
and i n t e g r a l I . J . College of E n g g . , 
Nihon U n i v e r s i t y . Ser B 17 ( 1 9 7 6 ) , 
pp . 1 1 - 1 9 . 
On some con tou r i n t e g r a l r e p r e s e n t a -
t i o n fo r hyper geometric f u n c t i o n and 
f r a c t i o n a l d i f f e r i n t e g r a t i o n of the 
f u n c t i o n z"~ ( 1 - z ) "* • J . Co l l ege 
of Enqq. Nihon U n i v . . B-23 (1982) 
p p . 1-16. 
F r a c t i o n a l C a l c u l u s Descar tes P r e s s Co . , 
Koriyama (1984) . 
: 167 : 
[126] NISHIMOTO, K. : Table of f r a c t i o n a l d i f f e r i n t e g r a t i o n 
of e lementary f u n c t i o n . J . C o l l e g e 
of Enqq. Nihon Un iv . B-25 ( 1 9 8 4 ) , 
pp . 4 1 - 4 6 . 
[127] NISHIMOTO, K. : F r a c t i o n a l c a l c u l u s of p r o d u c t of 
e lementary f u n c t i o n I . J . C o l l e g e of 
Enqq. Nihon Un iv . Ser B 28 (1987) , 
pp . 2 1 - 3 1 . 
: F r a c t i o n a l c a l c u l u s , Vo l . I I ( 1 9 8 7 ) . 
Desca r t e s P r e s s Co. Koriyama* 
: F r a c t i o n a l c a l c u l u s of o r d e r h and -s 
of e lementary f u n c t i o n . 
J . Col lege of Enqq. Nihon U n i v . s e r B-29 
(1988) , p p . 1 -8 . 
[130] NISHIMOTO, K. : F r a c t i o n a l c a l c u l u s of some e lementa ry 
func t ions of two v a r i a b l e s . 
J . Col lege of Enqq. Nihon U n i v . s e r 
B-30 (1989 ) , p p . 6 1 - 7 1 . 
[131] NISHIMOTO, K. : F r a c t i o n a l Ca lcu lus Vol . I I I . 
Descar tes P r e s s C o . , Koriyama ( 1 9 8 9 ) . 
[132] NISHIMOTO, K. : F r a c t i o n a l Ca lcu lus of the f u n c t i o n s 
of many v a r i a b l e s . J . Co l l ege of Engg. 
Nihon Univ . s e r B-30 ( 1 9 8 9 ) , p p . 43 -60 . 
[133] NISHIMOTO, K. : N i sh imoto ' s f r a c t i o n a l c a l c u l u s of 
e lementary f u n c t i o n s . J . Co l l ege of 
Enqq. Nihon U n i v . F r a c t i o n a l c a l c u l u s 
and i t s a p p l i c a t i o n s . I n t e r n a t . 
(Tokyo) Conf. Proceed ing ( 1 9 9 0 ) . 
[128] NISHIMOTO, K. 
[129] NISHIMOTO, K. 
: 168 : 
[134] NISHIMOTO, K. : A f rac t iona l calculus exerc ise of 
elementary functions of a s ingle 
v a r i a b l e . J . College of Snqg. Nihon 
Univ. Frac t iona l calculus and i t s 
a p p l i c a t i o n s . In terna t ional (Tokyo) 
Conference Proceeding (1990) . 
[135] NISHIMOTO, K. : On the f r ac t iona l calculus of products 
of funct ions z", zY and log a z . 
J . College of Engq. Nihon Univ . . B-32 
(1991), pp. 1-6. 
[136] NISHIMOTO, K. : F rac t iona l Calculus Vol. IV. I n t e g r a -
t ion and d i f f e ren t i a t ion of a r b i t r a r y 
order . Descartes Press Co. Koriyama 
(1991). 
[137] NISHIMOTO, K. : An essence of Nishimoto's f r a c t i o n a l 
calculus ( In tegra t ion 'and d i f f e r e n t i a -
t ion of a r b i t r a r y o rder ) . Descartes 
Press Co. Koriyama (Japan) 1991. 
[138] NISHIMOTO, K. : Power functions in f rac t iona l ca lculus 
of Nishimoto and that of Lacroix and 
Riemann L i o v i l l e . J . F rac t iona l 
Calculus . 2 (1992), pp. 11-25. 
[139] NISHIMOTO, K. : On the f rac t iona l calculus of functions 
(a-z) and log ( a - z ) . Journal of 
f r ac t iona l calculus (1993), pp. 19-27, 
Descartes P r e s s . 
: 169 : 
[140] NISHIMOTO, K. : Fractional calculus of elementary 
function by extension of their 
+ 
n( £ Z ) th differintegrations. 
J. Fractional Calculus V-4 (1993). 
: On Nishimoto's fractional calculus 
operator N. J. of fractional calculus 
Vol. 4 (1993). 
3 Y 
: Some values of product (z .z ) 
obtained by computer. 
J. Fractional Calculus (1992), pp. 1-6. 
[143] NISHIMOTO, K. : Journal of fractional calculus Vol. 1-2 
Vol. 3-4 (1993). 
[144] NISHIMOTO, K. : J o u r n a l of f r a c t i o n a l c a l c u l u s V o l . 5-6 
(1994) . 
: On the two d imens ional Erde ly i -Kober 
o p e r a t o r s , o f Weyl t ype . J . C o l l e g e 
of Enqq. Ninon U n i v . . ser B-31 ( 1 9 9 0 ) , 
pp . 2 3 - 2 7 . 
: The f r a c t i o n a l c a l c u l u s . Academic 
P r e s s , New York (1974 ) . 
: The f r a c t i o n a l d e r i v a t i v e of a 
composite f u n c t i o n . SIAM J . Math . 
A n a l . , 1 ( 1 9 7 0 ) , p p . 288-293. 
[148] OSLER, T . J . : Le ibn iz r u l e fo r f r a c t i o n a l d e r i v a t i v e 
g e n e r a l i z e d and an a p p l i c a t i o n t o 
i n f i n i t e s e r i e s . SIAM J . Appl . Ma th . , 
18 ( 1 9 7 0 ) , p p . 658-674. 
[141] NISHIMOTO, K. 
[142] NISHIMOTO, K. 
[145] NISHIMOTO, K. 
AND 
SAXENA, R.K. 
[146] OLDHAM, K.B. 
AND 
SPANIER 
[147] OSLER, T . J . 
: 170 : 
[149] CSLHR, T . J . : Fract ional d e r i v a t i v e s and Leibniz 
r u l e . Amer. Math. Monthly. 78 (1971), 
pp. 645-649. 
[150] OSLER, T . J . : Taylor s e r i e s general ized for f r a c -
t ional d e r i v a t i v e s and a p p l i c a t i o n s . 
SIAM J . Math. Anal . . 2 (1971), 
pp. 37-48. 
[ l 5 l ] C5LER, T . J . : Fract ional de r i va t i ve s and Leibniz 
ru l e . Amer. Math. Monthly. 78 (1971), 
pp. 645. 
[152] OSLHR, T . J . : The in tegra l analog of the Leibniz 
r u l e . Math. Comp. 26 (1972C), pp. 903. 
[153] CSLER, T . J . : A further extension of Leibniz ru l e 
to f r ac t iona l de r iva t ive and i t s 
r e l a t ion to P a r s e v a l ' s formula. 
SLAM J . Math. Anal . . 3,1 (1972) . 
[154] OSLHR, T . J . : A correct ion to Leibniz rule for 
f rac t iona l d e r i v a t i v e s . SIAM J . Math. 
Anal. , 4 (1973), pp. 456-459. 
[155] CY/A, S. : An appl ica t ion of the f r ac t i ona l 
der ivat ive I . Kyunqpook Math. J . , 
21 (1981), no . 2 , pp. 205-212. 
[156] PATHAK, R.S . : A d i s t r i b u t i o n a l general ised S t i e l t j e s 
t ransformation. Proc. Edinburgh Math. 
S o c . (2) 20 (1976), pp. 15-22. 
: 171 : 
[157] PATHAK, R.S, 
AND 
PANDEY, J.N, 
[158] PATHAK, R.S, 
AND 
PANDEY, J .N, 
[159] PEACOCK, G. 
[160] POCHHAMMER, L, 
[161] POCHHAMMER, L, 
[162] POCHHAMMER, L 
[163] POST, E.L. 
[164] RAINA, R.K. 
[165] RAINA, R.K. 
A d i s t r i b u t i o n a l Hardy t r a n s f o r m a t i o n . 
P r o c . Cambridge P h i l o s . Soc . 76 (1974 ) , 
pp . 247-262. 
On c e r t a i n f r a c t i o n a l i n t e g r a l 
o p e r a t o r . B u l l . Ca l cu lus Math. S p c , 
81 (1989 ) , no. 1, p p . 1 7 - 2 4 . 
Repor t on the Recent P r o g r e s s and 
P r e s e n t S t a t e of A f f a i r s of C e r t a i n 
Branches of A n a l y s i s . Rep. B r i t i s h 
Assoc. Advancement Sc i . „ 1833, 
p p . 185-352. 
Ueber e in I n t e g r a l m i t doppel tem 
Umlauf. Math. Aun., 35 ( 1 8 9 0 ) , 
p p . 470-494. 
Zur Theorie der E u l e r s ' Chen I n t e g r a l e . 
Math. Aun., 35 (1890) , p p . 495-526 . 
Ueber e ine c l a s s e von I n t e g r a l mi t 
ge sch los sene r I n t e g r a t i o n s c u r v e . 
Math. Aun.. 37 (1890) , p p . 5 0 0 - 5 1 1 . 
Genera l i zed d i f f e r e n t i a t i o n . T r a n s . 
Amer. Math. S p c . 32 ( 1 9 3 0 ) , pp .723-781 , 
On the Weyl f r a c t i o n a l d i f f e r e n t i a t i o n . 
Pure Appl. Math. S c i . 10 ( 1 9 7 9 ) , no . 
1-2, p p . 37 -41 . 
A theorem on f r a c t i o n a l d e r i v a t i v e s 
and i t s a p p l i c a t i o n s . Math. S t u d e n t , 
48 ( 1 9 8 4 ) , pp . 2 -4 , p p . 1 2 5 - 1 3 3 . (1984) . 
: 172 : 
[166] RAINA, R.K. 
[167] RAINA, R.K. 
[168] RAINA, R.K. 
[169] RAINA, R.K. 
[170] RAINA, R.K. 
AND 
KIRYAKDVA, V.S, 
[171] RAINA, R.K. 
AND 
KDUL, C.L. 
[172] RAINVILLE, E.D. 
[173] ROSS, B. 
A note on the f r a c t i o n a l d e r i v a t i v e s 
of a gene ra l system of p o l y n o m i a l s . 
I n d i a n J . Pure Appl. M a t h . . 16 ( 1 9 8 5 ) , 
no . 7 , p p . 770-774. 
The Weyl f r a c t i o n a l o p e r a t o r of a 
system of polynomial . Rend. Sem. Mat. 
Un iv . Padova, 76 (1986) , p p . 171-176 . 
An a p p l i c a t i o n of f r a c t i o n a l c a l c u l u s . 
Rend. Sem. Mat. Univ. Padova, 83 
(1990) , pp . 7 -12 . 
A note on the mul t id imens iona l Weyl 
f r a c t i o n a l o p e r a t o r . P r o c . I n d i a n 
Acad. S c i . Math. S c i . . 10 ( 1 9 9 1 ) , 
n o . 3 , p p . 179-181 . 
On the Weyl f r a c t i o n a l o p e r a t o r of 
two d i m e n s i o n s . C.R. Acad. Bu lq . S c i . 
36 ( 1 9 8 3 ) , no. 10, pp . 1273-1276. 
On Weyl f r a c t i o n a l c a l c u l u s . P r o c . 
Amer. Math. S o c . t 73 ( 1 9 7 9 ) , no . 2 , 
p p . 188-192 . 
S p e c i a l F u n c t i o n s . Macmil lan, 
New York (1960) ; Repr in t ed by 
Chelsea P u b l i s h i n g Co. , Bronx, 
New York (1971 ) . 
The development of Gamma F u n c t i o n and 
A P r o f i l e of F r a c t i o n a l C a l c u l u s . 
New York U n i v e r s i t y D i s s e r t a t i o n (1974) , 
C h a p t e r V, pp . 142-210. 
: 173 : 
[174] ROSS, B. 
[175] ROSS, B. 
[176] 
[177] 
ROSS, B. 
AND 
KALLA, S.L. 
ROSS, B. 
AND 
NOTH O.F. 
[178] SAMKD, S.G. , 
KILBAS, A.A. 
AND 
MARICHEV, O.I. 
[179] SEKINE, T . , 
OWA, S. 
AND 
NISHIMOTO, K. 
[180] SHARMA, S. 
[181] SHUKLA, H.S. 
: F r a c t i o n a l Ca l cu lus and i t s a p p l i c a -
t i o n s . (Lec tu re no tes in Mathemat ics 
volume 457) B e r l i n S p r i n g e r - V e r l a g 
(1975) . 
: F r a c t i o n a l C a l c u l u s . Math. Mag. , 50 
( 1 9 7 7 ) , no . 3 , pp . 115-122. 
: The method of f r a c t i o n a l o p e r a t o r s 
a p p l i e d to summation. Real A n a l . 
Exchange, 11 (1985 /86 ) , no . 1 , 
p p . 271-282 . 
: F r a c t i o n a l c a l c u l u s and d e r i v a t i v e s 
of complex o r d e r . B u l l . Ma lays i an 
Math. Soc . ( 2 ) , 2 (1979) , no . 2 , 
p p . 111-117 . 
: I n t e g r a l s and d e r i v a t i v e s of f r a c t i o n a l 
o rde r and some of t h e i r a p p l i c a t i o n . 
: An a p p l i c a t i o n of the f r a c t i o n a l 
c a l c u l u s . J . Col lege of Engg. 
Nihon U n i v . s e r B-27 (1986 ) , p p . 31 -37 . 
: C e r t a i n f r a c t i o n a l q - i n t e g r a l o p e r a t o r . 
I n d i a n J . Pure Appl. Math . , 10 ( 1 9 7 9 ) , 
no. 5 , p p . 581-589 . 
: C e r t a i n R e s u l t s Involving Bas ic Hyper-
geomet r ic Func t ions and F r a c t i o n a l 
g - D e r i v a t i v e . The Mathematics S t u d e n t , 
61 ( 1 9 9 2 ) , n o . 1-4, pp. 107-112 . 
: 174 : 
[182] SLATER, L.J. 
[183] SNEDDON, I.N. 
[184] SNEDDON, I.N 
[185] SOHI, N . S . 
AND 
SINGH, L.P 
: Genera l i zed Hypergeometr ie F u n c t i o n s . 
Cambridge U n i v e r s i t y P r e s s , Cambridge, 
London and New York (1966 ) . 
: Mixed boundary va lue problems in 
p o t e n t i a l t h e o r y . Amsterdam: Nor th 
Holland (1966) . 
: The use of o p e r a t o r s of f r a c t i o n a l 
i n t e g r a t i o n . Appl ied Mechanics S e r i e s . 
D.W.N. P o l i s h S c i e n t i f i c P u b l i s h e r s 
Warsaw (1979) ISBW, pp . 83 -88 . 
: On a c l a s s of a n a l y t i c f u n c t i o n s 
involv ing f r a c t i o n a l c a l c u l u s . 
J . F r a c t i o n a l C a l c u l u s V ( 1 - 3 ) . ( 1 9 9 2 ) . 
[186] SRIVASTAVA, H.M; Convolut ion I n t e g r a l Equat ions wi th 
BU~~HMAN R G s p e c i a l Func t ion K e r n e l s . John Wiley 
and Sons ( H a l s t e d P r e s s ) , New York 
(1977) . 
[187] SRIVASTAVA, H.M: F r a c t i o n a l i n t e g r a l o p e r a t o r i n v o l v i n g 
AND 
GCYAL S P a 9 e n e r s , l c l a s s of po lynomia l s . 
J . Math. A n a l . . 148 (1990) , no . 1, 
pp. 87 -100 . 
[188] SRIVASTAVA, H.M: A t r e a t i s e on g e n e r a t i n g f u n c t i o n s . 
MANCCHA H.L. John Wiley and Sons (Ha l s t ed P r e s s ) , 
New York ( 1 9 8 4 ) ; E l l i s Horwood, 
C h i c h e s t e r . 
[189] SRIVASTAVA, H.M: A note on a c e r t a i n f r a c t i o n a l i n t e g r a l 
AND 
formula . J . of F r a c t i o n a l C a l c u l u s , NISHIMDTO, K. (1993) , p p . 8 7 - 8 9 . D e s c a r t e s P r e s s . 
: 175 : 
[190] SRIVASTAVA, H.M: An a p p l i c a t i o n of the f r a c t i o n a l 
^J^DC d e r i v a t i v e s . Math. J apon . 29 ( 1 9 8 4 ) , 
UWA, o« 
no. 3, pp. 383-389. 
[191] SRIVASTAVA, H.M: The Weyl fractional integral of poly-
SRIVASTAVA nomials. Boll, un. mat. Ital., B(6) 
HARI, M. ' 2 (1983), no. 1, pp. 219-228. 
[192] STEIN, E.M. 
AND 
WEISS, G. 
[193] TRAUB, J.F 
[194] TREMBLEY, R. 
[195] TRUJILLO, J . J . 
AND 
MORENO, J . C . 
[196] UPADHYAY, M. 
[197] UPADHYAY, M. 
[198] VYAS, D.N. 
AND 
BANERJI, P .K. 
: F r a c t i o n a l i n t e g r a l s on n -d imens iona l 
Ec l idean s p a c e . J . Math. Mech. ( 1 9 5 8 ) , 
pp . 503-514. 
: Genera l i sed sequences wi th a p p l i c a t i o n s 
to the d i s c r e t e c a l c u l u s . Math. Comp.. 
19 (1965) , p p . 177-200 . 
: Some o p e r a t i o n a l formulas i n v o l v i n g 
the o p e r a t o r xD, x ^ and f r a c t i o n a l 
d e r i v a t i v e . SIAM J . Math. A n a l . 10 
(1979J, no. 5 , p p . 933-943 . 
: The Erde ly i -Kober and g e n e r a l i z e d 
Bessel f r a c t i o n a l o p e r a t o r (Span i sh) 
Granada ( 1 9 8 4 ) , p p . 389-395 . 
: q -F rac t i ona l d i f f e r e n t i a t i o n and bas i c 
hypergeometric t r a n s f o r m s . Aun. Polon 
Math. ( 2 5 ) , 1971 /72 , p p . 109-124. 
: Ce r t a in F r a c t i o n a l q - i n t e g r a l o p e r a t o r s . 
Pure Appl. Math. 5 c i . (4) ( 1 9 7 6 ) , no . 
1-2, pp. 141-149. 
: F r a c t i o n a l I n t e g r a l formula of the 
a 
funct ion (az+p) . J . F r a c t i o n a l C a l c u l u s 
2 (1992) , p p . 8 3 - 8 6 . 
: 176 : 
[199] WATANABE, Y. : Notes on the g e n e r a l i z e d d e r i v a t i v e 
of R iemann-Liouv i l l e and i t s a p p l i c a -
t i o n to L e i b n i z formula . Tohoku Math. 
J . , 34 ( 1 9 3 1 ) , p p . 8 - 4 1 . 
[200] WELLAND, G.V. : On the f r a c t i o n a l d i f f e r e n t i a l of a 
func t ion of s e v e r a l v a r i a b l e . 
T r a n s . Amer. Math. S o c . 132 ( 1 9 6 8 ) , 
pp . 487-500 . 
[201] WHITTAKER, E . T . : A course of Modern Analys i s 
AND 
WATSON, G.N. 
Four th 
Ed . , Cambridge U n i v e r s i t y P r e s s , 
Cambridge, London and New York ( 1 9 2 7 ) . 
[202] ZEMANIAN, A.H. : D i s t r i b u t i o n theory and t r ans fo rm 
a n a l y s i s . McGraw H i l l , New York ( 1 9 6 5 ) . 
